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Mathematics 312 (Fall 2012) September 5, 2012
Prof. Michael Kozdron

Lecture #1: Introduction to Complex Variables
In calculus, we study

e algebraic operations with real numbers,

functions, limits, continuity, graphing,

differentiation and applications,

integration and applications, and

series and sequences.

In complex analysis, we will develop these topics in a parallel manner. Let z = a + b,
1 =+/—1, with a, b € R. We will study

e properties of the complex plane and algebraic operations with complex variables,
e properties of functions f(z) with z complex, limits, graphing, differentiation, and

e integration of function f(z) with z complex, say / f(z)dz where C' is some curve in
C

the complex plane.

Algebra of Complex Variables

The motivation for introducing i = v/—1 is to solve the equation 22 + 1 = 0. In general, the
fact that quadratic equations can have no real roots motivates introducing complex variables.

Notation. A complex variable z is of the form z = a 4 ¢b where a and b are real numbers.

Definition. Two complex variables z; = a; + ib; and 2y = as + iby are equal if and only if
a; = Q9 and bl = bg.

Notation. Let z = a + ib be a complex variable. The real part of z is Re(z) = a and the
imaginary part of z is Im(z) = b.

Fact. The complex variables z; and 2z, are equal iff Re(z1) = Re(z2) and Im(z;) = Im(z2).
Note that we are using the phrase complex variable instead of complex number. This is

because we wish to stress that z = a+14b is not a number in the usual, or real, sense. Instead
it is an object that we have created.
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Arithmetic of Complex Variables

Let 1 = v/—1, 21 = a1 +1iby, and 2z = as+1iby with aq, as, by, by € R. We define the operations
of addition, multiplication, and division (provided either ay # 0 or by # 0) as follows.
Addition. z; + 25 = (a1 + ag) +i(by + by)

Multiplication. z;zo = (a; + iby)(as + iby) = (ajas — bibs) + i(bras + a1bs)

e . 21 ap+1iby ay+ibyag —iby  ajag 4+ biby  biag — arby
Division. — = — = - - = 3 5 2 2
Zo Qg+ 1iby  az + ibyag — by a; + b3 as + b;

Remark. One way to remember these definitions is to manipulate the expressions just as
you would for real numbers, but replacing i? by —1, i® by —i, and i* by 1. For example,

((ll + ibl)(GQ + ZbQ) = aias + ia1b2 + ib1a2 + i2b1b2 = a1a9 — b1b2 + i(b1a2 + Cllbg).

The key is that the motivation for making the definitions we have comes from our experience
with real numbers. However, there is no underlying reason why these expressions for addition,
multiplication, and division of complex variables are true. They are simply definitions.

It can now be easily shown that if addition, multiplication, and division are defined in this
way, then the following hold for complex variables z1, 2o, 23.

Commutative Law. z; + 29 = 20 + 21 and 2120 = 202
Associative Law. (21 + 22) + 23 = 21 + (22 + 23) and (z122)23 = 21(2223)
Distributive Law. zi(z2 + 23) = 2122 + 2123

Exercise 1.1. Verify the commutative law, associative law, and distributive law hold for
complex variables.

Remark. Consider the complex variable z = a + tb. We have z = 0 iff a = 0 and b = 0.
Note that the complex variable 0 is shorthand for the complex variable 0+ ¢0. Moreover, the
real number a can be identified with the complex variable a + 0. We will, however, write
this complex variable simply as a.

Proposition 1.2. Consider the complex variables z; = a;+1by and zo = as+iby. If 2120 = 0,
then either z; = 0 or z5 = 0.

Proof. Since z1z9 = (ajas — biby) + i(bras + a1by) = 0 we conclude that
aiag — biby =0 and biag + a1by = 0.
An equivalent way to write this system of equations is in matrix notation as
el
by as by 0"
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In order to complete the proof, we will show that if z5 # 0, then z; must be 0. Therefore,
assume that zo # 0 so that either as # 0 or by # 0. In particular, this implies that

ay —by

det[ }:a§+b§>0.

by ay
However, recall from Math 122 that the only solution to the matrix system Av = 0 with
det A > 0 is v = 0. This implies that a; = by = 0 so z; = 0 as required. ]

We end this discussion with one more convention concerning complex variables that is moti-
vated by the arithmetic of real numbers. If £ is a positive integer and z is a complex variable,
then the power or exponential z* is shorthand for multiplication of z by itself k times; for
instance,

2t = 2222

We can then compute the product zzzz using the associative law and the definition of

multiplication of complex variables along with the identities > = —1, i = —i, and i* = 1.
If m is a negative integer, say m = —k for some non-negative integer k, define 2™ = 2% by
1
Zﬁk = r
z

Finally, take 2° = 1.
Exercise 1.3. Verify that if z = 1 + 4, then 2* = —4.

Cartesian Representation (or Geometric Interpretation) of Complex Variables

We can represent the complex variable z = a + ib as the point in the plane (a,b) as shown
in Figure 1.1.

y-axis or imaginary axis

(a,b)

(0,0) r-axis or real axis

Figure 1.1: The identification of C with R2.

Note. In other words, if we let C = {z = a+ib : a,b € R} denote the set of complex variables,
then we can identify C with the two-dimensional cartesian plane R? via the identification

z=a+ib€ C <+ (a,b) € R%

This identification is actually an isomorphism and so an algebraist might say that C and
R? are isomorphic and write C = R2?. We will not be concerned with isomorphisms in this
class.
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Observe that the distance from the point (a,b) in the plane to the origin (0,0) is
Va2 + b2
This motivates the following definition.

Definition. Let z = a + ib be a complex variable. The modulus or absolute value of z,

denoted |z|, is defined as
|z| = Va? + b2

Definition. Let z = a + ib be a complex variable. The (complex) conjugate of z, denoted
Z, is defined as
Z=a—1b.

Exercise 1.4. Suppose that z is a complex variable. Show that 2z = |z|2.
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Lecture #2: Algebraic Properties of C

Recall that ¢ = +/—1 and
C={z=a+ib:a,beR}

denotes the set of complex variables. Also recall that if z = a+ib € C, then the modulus of z
is |z| = va? + b? and the conjugate of z is Z = a — ib. Geometrically, conjugation represents
reflection in the real axis; see Figure 2.1.

z = (a,b)

Figure 2.1: Geometric representation of complex conjugation.
Proposition 2.1. If z = a + b is a complex variable, then /2% is a real number.

Proof. Observe that
2% = (a+ib)(a — ib) = a* + b* = |z|*.

Since |z|? = 27 is necessarily real and non-negative we can take square roots to obtain
VzZ=lzl=Va?+ b eR
as required. O

Proposition 2.2. If 2y, 2o € C, then Z125 = Z1 2.

Proof. Let z; = a; + ib; and z3 = as + iby so that
2129 = (CLl + ibl)(CLQ + sz) = (a1a2 — blbz) + i(blag + albg)

implying that
Z122 = (a1a3 — biby) —i(bras + a1by).

On the other hand,
2_12_2 == (a1 — ibl)(ag — Zbg) = a109 — b1b2 — iblag — ialbg = (a1a2 — blbg) — i(blag + Cllbg)
as well, and the proof is complete. ]

Exercise 2.3. Let 21, zo € C. Show that z; + 2z = Z7 + 2.
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Exercise 2.4. Let z € C. Show that (Z) = z.

Before proving the next proposition, we observe the geometric interpretation of |z|, Re(z),

and Im(z) as shown in Figure 2.2 below.

Figure 2.2: Geometric interpretation of |z|, Re(z), and Im(z).

Proposition 2.5. If z € C, then

(a) Re(2) = 3(=+7),
(b) Tm(2) = & (= ~2),
(c) Re(z) < |z|, and
(d) Im(z) < [2]

Proof. Let z = a + ib so that Z = a — ib. Solving the system of equations
z=a+1 and Z=a—1b

for a and b gives
1 _ 1 _
a—é(z—l—z) and b—g(z—z).

Moreover, since |z| = Va2 + b2, we see that
Re(z) =a < Va2 + 02 =|z| and Im(z)=b< Va2 +b =]z
as required.
Proposition 2.6. If z € C, then |Z| = |z|.
Proof. Let z = a 4+ 1b so that Z = a — 1b. Note that
2] = Va2 + (—=b)2 = Va2 + 12 = |¢|

as required.

]

Geometrically this proposition says that length doesn’t change under a reflection through

the real axis; see Figure 2.3.
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wl

Figure 2.3: Geometric interpretation of [Z| = |z|.

Proposition 2.7. If z1, zo are complex variables, then |z123| = |2z1]|22].
Proof. Recall that |w|?> = ww for any w € C. Let w = 2129 so that

|Z122|2 = (z120)(Z122) = 2122(Z122) = (21 Z1) (22 22) = |Z1|2|Z2|2

using Proposition 2.2 and the Commutative Law. Since the moduli in question are non-
negative real numbers we can take square roots to obtain

2122 = [21]|22]
as required. N

Proposition 2.8. If z1, zo are complex variables with zo # 0, then

21 Z1Z2

Z9 N ‘22|2 ’

Proof. Observe that

Z1 21 %23

22 21722
Z

N |Z2|2

29 29

as required. N

Theorem 2.9 (Triangle Inequality). If z1, 2o are complex variables, then
|21 + 2] < 21| + 22|
Proof. Recall that |w|? = ww for any w € C. Taking w = 21 + 2, implies

i+ mlP=(+ ) Fn) =(+n)EZ+R) =ah+taa+taBm+nsh
=lal + |2+ 2T+ a %

using Exercise 2.3 and the Distributive Law. The next step is to deal with z,Zz7 + 27 Z5.
Recall that 2 Re(w) = w + w. If we take w = z; Z3, then

W=127% =72 (%) =21 2
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using Proposition 2.2 and Exercise 2.4, and so we see that
2071 + 2123 = W+ w = 2Re(w) = 2Re(z 22).
However, we also know from Proposition 2.5 that Re(w) < |w| which implies that
Re(z172) < |21 22| = |21][22] = |21 2]
Therefore, we conclude that
21+ 2of* < 2P + |20 + 2|21 [22] = (J21] + [22])*

Since both sides of the inequality involve only non-negative real numbers, we can take square
roots to obtain
|21 + 22| < 21| + |22

as required. N

24
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Lecture #3: Geometric Properties of C

Recall that if z = a+1b is a complex variable, then the modulus of z is |z| = v/a? + b? which
may be interpreted geometrically as the distance from the origin to the point (a,b) € R
Since we can identify the complex variable z € C with the point (a,b) € R? we conclude
that |z| represents the distance from z to the origin.

Example 3.1. Describe the set {z € C: |z| = 1}.

Solution. Since |z| represents the distance from the origin, the set {z € C : |z| = 1}
represents the set of all points that are at a distance 1 from the origin. This describes all
points on the unit circle in the plane; see Figure 3.1.

)
N

P

Figure 3.1: The set {z € C: |z| = 1}.

It is possible to derive this result analytically. If we let z = x + iy, then |2|?> = 2? +y%. Since
|z| = 1 if and only if |2|?> = 1 if and only if 22 + y? = 1, we conclude that

[2eC: | =1} = {(,y) R 22 447 = 1},
the unit circle.

In general, we see that the set {z € C: |z| = r} describes a circle of radius r centred at the

origin. We can verify this using cartesian coordinates as follows. Suppose that z = z + 1y so

that |z| = \/22 + y2. Hence, |z| = r if and only if |2]? = r?, or equivalently, if and only if
2?4y =12

Moreover, if 2z, z € C, then one can easily verify that |z — zg| represents geometrically the
distance from z to z5. This means that if zy € C is given, then the set

{z€eC:lz—2| =1}
describes the circle of radius r centred at zg.

Example 3.2. Describe the set {z € C: |z —i| = 2}.
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Solution. If we write i = 0 + i1, then we see that i corresponds to the point (0,1) in the
plane. Therefore, the set in question represents a circle of radius 2 centred at (0, 1).

27

0 |z —i| =2
[ 8

2

Figure 3.2: The set {z € C: |z —i| = 2}.
Example 3.3. Describe the set of z € C satisfying |z + 2| = |z — 1].

Solution. Geometrically, |z + 2| represents the distance from z to —2, and |z — 1| represents
the distance from z to 1. This means that we must find all z € C that are equidistant from
both —2 and 1. If we view —2 as the point (—2,0) and 1 as the point (1,0), then we can
easily conclude that the point (—1/2,0) is halfway between them. Thus, the point —1/2
belongs to the set {z € C: |z + 2| = |z — 1|}. However, other points belong to this set. In
fact, by drawing an isosceles triangle with altitude along the Re(z) = —1/2 line, we conclude
that any point on the line Re(z) = —1/2 satisfies the condition |z + 2| = |z — 1|. This is
described in Figure 3.3.

Re(z) = —1/2

.
— @

.
-2 —1/2

Figure 3.3: The set {z € C: |2 +2| = |z —1|}.

We can derive this result analytically as follows. Let z = z + iy so that the condition
|z + 2| = |z — 1| is equivalent to |z + 2|> = |z — 1|? which in turn is equivalent to

(z+2°+y* = (z -1+ ¢

Now (z +2)? = (x —1)% if and only if 22 + 42+ 4 = 2? — 2z + 1 if and only if 62 = —3 which
is, of course, equivalent to x = —1/2.

Example 3.4. Describe the set of z € C satisfying |z — 1| = Re(z) + 1.
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Solution. In this case, it is easier to solve the problem analytically. If we write z = x + iy,
then |z — 1| = Re(z) + 1 is equivalent to |z — 1|*> = (Re(z) + 1)? since |z — 1] = Re(z) + 1
is an equality between non-negative real numbers. Now, |z — 1|*> = (z — 1)? + y? and
(Re(z) +1)% = (z + 1)? so that the set described is

(x— 1)+ = (z+1)%

Now,
Y=@+1) -(@@-1=[+)+@-D[z+1)—(z—-1)] =22

(since (x + 1)* — (z — 1)? is a difference of perfect squares, this is easy to simplify) which
represents a parabola parallel to the real axis as shown in Figure 3.4.

y? =2z

Figure 3.4: The parabola y? = 2x.

Remark. In high school we do things like solve the equation |z + 2| = |x — 1| for z. The
solutions are points (i.e., real numbers). When we consider the same equation but in complex
variables, |z + 2| = |z — 1|, the solution is a curve in the complex plane. We can also see
that the real solution, —1/2 is one of the complex variables solutions of |z + 2| = |z — 1].
However, we could have deduced this from the complex variables result. Here is how.

(1) Consider the real equation that we wish to solve, namely |z + 2| = |z — 1| for z € R.

(2) Complexify the equation; that is, replace real variables by complex variables to obtain
|z 42| =]z —1] for z € C.

(3) Determine the solutions to the complex variable problem; in this case, the answer is
Re(z) = —1/2.

(4) Since the solution must hold for all z satisfying the condition, it must necessarily
hold for all 2z = x + i0 € C satisfying the condition. Thus, we see that the only
z =z + 110 € C satisfying Re(z) = —1/2 is z = —1/2, and we conclude that the only
solution to |[x 4+ 2| = |z — 1| for z € Ris x = —1/2.

We will see many instances of this strategy in this course; in order to solve a real problem
it will sometimes be easier to complexify, solve the complex variables problem, and extract
the real solutions from the complex solutions.

Example 3.5. Describe the set of z € C satisfying 2* + (2)? = 2.
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Solution. Suppose that z = z + iy so that 2* = (z + iy)? = 2?2 — y*> + 22y and (2)? =
(r —iy)? = 2% — y* — i2xy. This implies

2+ (2)? = (2% — v + i20y) + (2 — y? —i22y) = 227 — 2)°
and so the set of z € C satisfying 2% + (2)? = 2 is equivalent to the set
{(z,y) eR*:2” —y? =1}

which describes a hyperbola as shown in Figure 3.5.

Figure 3.5: The hyperbola 22 — 2 = 1.

Exercise 3.6. Describe the curve generated by |z + 3| + |z — 3| = 10.

Solution. The curve is an ellipse which can be described in cartesian coordinates by
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Lecture #4: Polar Form of a Complex Variable

Suppose that z = x + iy is a complex variable. Our goal is to define the polar form of a
complex variable. We start with the definition. We will then describe how our experience
with real variables motivates this definition.

Definition. Suppose that z = z + iy € C with z # 0. The polar form of z is defined as re®
where r > 0 satisfies r = /22 4+ y? and 6 is the unique angle in (—m, 7| satisfying
x

and sinf = Y

cosf = )
2| 2]

The polar form of z = 0 is, by convention, z = 0e’ = 0.

Consider the pair (z,y) € R? in cartesian coordinates. We know from Math 213 that an
equivalent way to describe a point in the plane is in terms of polar coordinates. That is,
we can describe the point (x,y) in terms of its distance r from the origin and the angle the
point makes with the positive z-axis. This leads to the change-of-variables

x=rcosf and y=rsinf

where r > 0 and 0 < 6 < 27. If we try to invert this transformation and solve for r and 6,

then we find
r=+/x?2+y?> and 0 = arctan(y/x).

The trouble here is that the inverse equation
0 = arctan(y/z)

is not true for pairs (z,y) in the second or third quadrants. The reason for this is the
convention that the standard interpretation of the arctangent function places its range in
the first and fourth quadrants; that is, by convention, the domain of the tangent function is
restricted to (—m /2, /2) in order for the inverse of tangent function to be single-valued. Note
the reason for this convention. The only asymptotes of the tangent function on (—m/2,7/2)
are at the endpoints. If instead we considered the tangent function on the interval [0, 7],
then we would have the issue that the tangent function is not defined at 7/2. This would
then lead to the domain of the tangent function being [0, 7/2) U (7/2, 7] which is ugly. The
conclusion is that we cannot define 6 simply as 6 = arctan(y/x) and so we instead define it
as the unique angle 0 € (—m, 7| satisfying

cosf = -z and sinf = Y
2| 2]
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Question. When we are working with real variables (in particular in Math 213), we define
6 as the unique angle 6 € [0, 27) satisfying
- )

and sinf =
2]

cosf =

|| '
In the definition of the polar form of a complex variable, why don’t we define 6 in the same
way?

Answer. While it is true that there is a unique angle € in any half-open half-closed interval
of length 27 satisfying
x

cosf = and sinf =

T
2| 2|
we must make a convention as to which choice of definite interval we wish to make. We

declare (—m, 7] as our convention.

Perhaps you will like this better.

Definition. Suppose that z = x + iy € C, 2z # 0. Define the argument of z, denoted arg z,
to be any solution # of the pair of equations

z Y

and sinf =
2]

cosf =
2|

Note that if 6y qualifies as a value of arg z, then so do
00i2ﬂ,90i4ﬂ,90i6ﬂ,....

Moreover, every value of arg z must be one of these.

However, we still have the problem of multi-valuedness. For definiteness, we will want only
a single value of the argument. This leads to the following definition.

Definition. Suppose that z = x + iy € C. Define the principal value of the argument of z,
denoted Arg z, to be the unique value of arg z € (—m, 7).

Note that we did not avoid the convention that the angle belong to (—m,w]. We just hid
it in our definitions. Actually, there is a more sophisticated reason for the convention that
Arg z € (—m, m]. This has to do with the definition of square root. We will want to maintain
the convention that the square root of a positive real number is a positive real number. This
is easiest to achieve if we choose Argz € (—m,7].

Definition. Suppose that z € C. We define the polar form of z to be re? where r = |z| and
0 = Arg z. For convenience, we will write z = re®.

Note that if z = 0, then we take, by convention, Arg0 = 0 and arg0 = {0, £27, £4x,...}.

Example 4.1. Write z = 1 + ¢ in polar form and identify arg z.
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Solution. If z =1 + 4, then

2] =VI24+12=V2=r.

Moreover,

1 1
cos = — and sinf =—

V2 V2

implies that
e:%i%k

for k € Z. Thus,

s T s s
Argz-Z and argz—{Z,Zj:QW,Zj:élw,...}—{ZiQWk.kGZ}.

Hence, the polar form of z =1+ is '
V26,

Equivalently, we can represent z as an ordered pair (z,y) € R? as
z=(1,1) = (V2cos(m/4), V2sin(n /4)).

Suppose that z = re? is the polar form of z € C. As in the previous example, we can write z
in cartesian coordinates as z = (rcos#,7sin#). Using our identification of (z,y) € R? with
z =z + 1y € C, we conclude that an equivalent representation of z is

z =rcosf +irsind.
This is sometimes called the polar form of z.
Definition. Suppose that z € C. The polar form of z is defined as
z = (rcosf,rsinf) =rcosf + irsinf = re?

where r = |z] and 0 = Arg z.
If we take r = 1 in the definition of polar form, then we conclude that

(cos,sin @) = cosf + isinf = e
which leads to the following definition.

0

Definition. The complex exponential €? is defined as e = cosf + isin 6.

Properties of the Complex Exponential ¢%
Proposition 4.2. ¢ ¥ = et

Proof. We find ‘ _
e = cos(—0) + isin(—0) = cos(#) — isin(f) = e

and the proof is complete. O
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Proposition 4.3. |¢| = 1
Proof. Using the previous proposition, we find
| = e = e9e = (cos(6) + isin(f))(cos(f) — isin(f)) = cos?(A) + sin®(h) = 1

as required.

Proposition 4.4. 6—10 =e ¥
Proof. We find
1 1 B 1 cos(f) —isin(f)  cos(f) —isin(0)
e cos(f) +isin(f)  cos(f) +isin(f) cos(d) — isin(d) et
= cos(f) — isin(0)
_ it

and the proof is complete.

Proposition 4.5. ¢ = ¢! 0+27%) | c 7

Proof. Since the real-valued sine and cosine functions are each 27-periodic, we know that
cos(f) = cos(f + 27k) and sin(f) = sin(f + 27k)

so that . |
" = cos(0) + isin(h) = cos(h + 2rk) + isin(f + 27k) = @2k

as required.

Proposition 4.6. e?1¢i?? = ¢i(01102)

Proof. By definition,

e = (cos(6y) + isin(y))(cos(fs) + isin(6y))

cos(61) cos(f2) + i cos(0;) sin(fs) + i sin(f;) cos(f) — sin(f;) sin(6s)
= cos(6) cos(fy) — sin(0;) sin(0s) + i(cos(6;) sin(fy) + sin(6y) cos(6s))
= cos(0; + 02) + isin(6; + 65)

01+02)

completing the proof.

ei91

Proposition 4.7. —
e'2
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Proof. Using our previous propositions, we find

01
€ 01

_ —ify _ ib1—ify __ _i(61—02)
0 ele =e =e

as required. 0
Corollary 4.8. If z; = 1€ and zy = rye'®, then

2179 = Tiree(1H02),

and if zo # 0, then
A Eei(91—92)
<2 ) '

Exercise 4.9. Prove the previous corollary.

Powers: An Application of Complex Exponentials

Recall that if @ € R and n, m € Z, then (a™)™ = ™. In particular, if z € R, then
(") = e™. As we will now show, this same sort of result is true for the complex exponential.

Theorem 4.10. Let z = re? be the polar form of the complex variable z. If n is a non-

negative integer, then

Zn — ,rneznﬁ'

Proof. The proof is by induction. Clearly it is true for n = 1. If n = 2, then we find from
Corollary 4.8 that ' ‘ ' 4
22 — (Teze)(mze) _ r2€z(9+9) — 7"26129.

If n = 3, then

B = 22 = (r2ei®)(rel?) = F3i(20460) _ 3,130
In general, if 2F = r¥e?™? for some k, then
I L phALGi(kO+0) k1 i(k+1)0
which completes the proof. O
We can now use this theorem to derive de Moivre’s formula.
Theorem 4.11 (de Moivre’s Formula). If n is a positive integer, then

(cos@ + isin )" = cos(nb) + isin(nd).

Proof. Consider z = cosf + isind so that the polar form of z is z = ¢?. On the one hand
we have
2" = (cosf +isind)".
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On the other hand we have
2" = ()" = ™ = cos(nf) + isin(nf).
Equating the two gives
(cos@ + isinf)"™ = cos(nf) + isin(nh)
as required. O]

Remark. If we take § = 7 (and r = 1) in definition of complex exponential, then we have
one of the most magical formulas in all of mathematics:

'™ = cos(r) +isin(rw) = —1 410 = —1,
or equivalently,
€™ +1=0
which is a formula relating all five fundamental constants of mathematics!!!! The constant e

comes from calculus, 7 comes from geometry, ¢ comes from algebra, and 1 is the basic unit
for generating the arithmetic system from the usual counting numbers.
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Lecture #5: Applications of Complex Exponentials

Recall from last class that we defined the complex exponential e as
¢ = cos +isin6.
Using this we concluded that the polar form of z € C can be written as
z=re" =r(cos +isinf) = rcosf + irsinf
where r = |z| and 0§ = Arg(z). We also derived de Movire’s formula, namely
(cos@ + isinf)" = cos(nf) + isin(nh)
for any positive integer n.

Remark. On numerous occasions we have seen that the motivation for a complex variables
definition comes from the corresponding real variable definition. Therefore, it is natural to
ask whether the definition of € is consistent with the definition from calculus. Recall that
the Taylor series for e* about x = 0 is

Therefore, if we take z = 6, we have

R o P ) 0\ O

o DTRE TR
(e e (0 0O
= _E—Fa_a—i—'” + 14 _§+a_ﬁ+...

= cos0 +isinf.

We now observe that

¢ = cosf +isinf and e = cosf — isiné.

If we solve this system of equations for cosf and sin @, then

0 | ,—if i0 _ —if
cosf = ete’ and sinf = i
2 21
Definition. If z = x + iy € C, we define the complex exponential e* as

ef =" = e%e" = ¢"(cosy + isiny).
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Note that
e*| = [e*e”| = [e"||e"] = |e”| = €”

since |e¥| = |cosy +isiny| = y/cos?2y +sin’y = 1 and e* > 0 for x € R. In particular, if
Re(z) <0, then |e*| < 1.

Example 5.1. Find an identity for
1+ cosf + cos(260) + - - - + cos(nh) (%)

where n is a positive integer and 6 € R. Note that in the study of Fourier series it is
important to be able to evaluate such an expression.

Before solving this problem, we need to establish a preliminary result. Recall the formula
for a geometric series. If x € R with x # 1, then

1 — xn—l—l

l+a+a+-+a"=
1—=z

for any positive integer n. Moreover, if |z| < 1, then we can let n — 0o to obtain

2, .3 1
l+x4+2"+2°+--- = :
11—
Proposition 5.2. If z € C with z # 1, then
1_Zn+1
1+z—|—22+--~+z":1— ()
-z

for any positive integer n.
Proof. Since
Q24224421 —2)=14+z+22+ 42" - (2+22+2+ -+ 2" =1 - 2"

and z # 1 we can divide by (1 — z) to obtain the result. O

0

Solution. We can now find an identity for (x). If we take z = ¢ in (%), we obtain

‘ ‘ ‘ 1 — (eifyn+1
14 (%) + () + - + ()" = 1= (e ).9
1—et
or, equivalently,
0 i20 np 1 — et
I+e’+e 4 i ge=" "
1 —ei?

Taking the real parts of the previous express implies that

1 — 6'(n+1)9
14 cosf + cos(20) + - - - + cos(nf) = Re (ﬁ) :
— el
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We will now find a simple expression for the right side of the previous equality. Note that
1 — iln+1)8 1 — i(n+1)8 —i6/2 ei(n—&-%)@ _ e—i0/2 1 ei(n-i—%)@ _ ei0/2

1—eif 1 _ef 92 b2 _gi02 9 sin(60/2)

Now observe that

6z(nJrz)6’ —e i0/2 _

[cos((n + 1)8) + isin((n + 2)8)] — [cos(6/2) — isin(6/2)]
= cos((n + 2)0) — cos(6/2) + i [sin((n + 1)8) + sin(6/2)]

and so
1 — eflnt1)d 1 ei(nJr%)G — ei0/2
Re ( 1— et ) = Re 2 sin(0/2) ]
—1 L (cos((n + % — cos i[sin((n + % sin
= 25in(0/2) Re [z( ((n+3)0) (6/2) + i [sin((n + 3)0) + sin(60/2)])
1 . 1 .
= 5em(0/9) [sin((n + 1)6) + sin(6/2)] .
That is,

sin((n + 3)0) + sin(6/2)
2sin(6/2)

14 cosf + cos(20) + - - - + cos(nb) =

Example 5.3. Express sin® @ in terms of sin @ and sin(36).

Solution. We know from de Moivre’s formula that (cos @ +isin )" = cos(nf) +isin(nf) for
any positive integer n and so

sin(30) = Im[(cos @ + isin §)?].

We know from the binomial theorem that
(a+b)" = i (n) a’b"
=0 \J
and so
(z +1iy)* = 2* + 322 (iy) + 3z(iy)® + (iy)® = 2° — 3vy® +i(32%y — y°).
Taking x = cos 6 and y = sin # yields
(cos@ + isinf)® = cos® § — 3 cosfsin?  + i(3 cos? § sin ) — sin® 0)

which in turn implies that

sin(30) = 3 cos? fsin 6 — sin® 6.
Substituting in sin? @ + cos? 0 = 1 gives

sin(36) = 3(1 — sin® @) sin§ — sin® § = 3sin @ — 3sin®f — sin® 0 = 3sinh — 4sin” §

so that 5 1
sin® 0 = 1 sin@ — 2 sin(36).
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Lecture #6: Powers and Roots of Algebraic Equations

Recall from high school that one of the things we do with real numbers is solve equations for
them. For instance, we can ask for all values of x € R such that 2z 4+ 3 = 0. The answer, of
course, is x = —3/2. We can then try to solve more sophisticated equations. For instance,
we can ask for all values of z € R such that 2% — 222 — 2 = 0. There are three possible values
of x, namely

e {0,1—v2,14+V2}.

However, we quickly discover that not every equation has a real solution. For instance, there
are no real values of x such that 22 +1 = 0. Indeed, this is one of the motivations for
introducing complex variables. Having completed our study of the arithmetic of complex
variables, we will now start to solve equations involving them. We will then discover the
Fundamental Theorem of Algebra which will tell us that any polynomial of degree n will
have n complex roots.

Example 6.1. Let a # 0, b, ¢ € C be given. Find all values of z € C such that az?+bz+c = 0.
Solution. Just as in high school we can use the quadratic formula. That is,
) , bz , bz BP\ B b\* b2
az"+bz+c=al|2"+—)+c=a|(2+—+— | -—+c=alz+—~) ——+c
a a 4a 4 2a 4

We would now like to take square roots to obtain two solutions, namely

12 c b —b+/b? — 4ac
z = _——— — — =
da a 2a 2a

—b —Vb? — 4dac
2a ’

It is natural to ask, however, if this is truly a valid solution; in particular, what is meant by
a complex square root.

and

z =

nth Roots of a Complex Variable

Instead of restricting ourselves to just square roots of complex variables, we will consider
nth roots. Suppose that z € C and that n is a positive integer. Our goal is to determine
Wz = 2"/ By definition, this means that we must find all values of ¢ € C such that (" = z.

Suppose that we write ( = pe’® where p = |(| and ¢ = Arg(¢). Suppose further that p = 1
so that ( lies on the unit circle. Therefore,

€2 — 61‘2@ and C3 _ 6i3<p

also lie on the unit circle as illustrated in Figure 6.1.
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C=ele o T T g( =

v
V(3 = ¢div
R

Figure 6.1: Geometric interpretation of ¢ = €%, (2, (3.

Indeed, it is clear that when |[(| = 1, successive powers of ¢ (which represent repeated
multiplication by () correspond to successive rotations by an angle of ¢ in the complex
plane. This important idea will be expanded upon later.

Example 6.2. Find the two square roots of 1; that is, determine all values of z € C such
that 22 = 1.

Solution. It is pretty clear that the two solutions are (; = 1 and ¢, = —1. However, we will
derive these solutions using the polar form of a complex variable as this is the method that
will work in more generality. Therefore, suppose that ¢ = ¢ so that |(| = 1. We also write
1 as 1 = ¢, In order to have ¢? = 1 we must have

C2 _ <€igp)2 _ €i2<p _ eiO -1
This implies that 2¢p = 0 so ¢ = 0. The result is
(=e¥=¢"=1.

However, we must also realize that there is more than one value of 6 for which e = 1.
Indeed, €™ = 1. Therefore, in order to have (? = 1, we must have

(2= (%) = €20 = 27 = 1,
This implies that 2¢p = 27 so ¢ = 7. The result is

(=e% =¢™=—1.
Of course, the issue is the fact that e is multivalued. Indeed,

ei@ _ ei(9+27rk) ke,

Y

This means in order to find the two solutions to 22 = 1, we must find the two values of
¢ € [0,27) for which ¢®? = 1. The answer, as we discovered, is ¢ € {0, 7}.

Example 6.3. Find the three cube roots of 1; that is, determine all values of z € C such
that 22 = 1.
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Solution. Suppose that ¢ = ¢*?. We need to find the three values of ¢ € [0,27) such that

e = 1.

If we write 1 = ¢, then the first value is ¢; = 0 since

€z3go1 _ 610

If we write 1 = €™, then the second value is py = 27/3 since

613902 — 61271—.

If we write 1 = ™ then the third value is 3 = 47/3 since

€z3<p3 — 6127r

Thus, the three solutions are
C1 =1, C? — 6i27r/3’ C3 _ 6i47r/3'

Note that you might object since 47/3 does not lie in the interval (—m, 7] which means that
Arg(Cs) = Arg(e™/3) does not equal 47 /3. Since Arg(e**™/3) = —27/3, you might prefer to
write

C3 _ €7i27r/3

instead. You can also find this solution as follows. If we write 1 = e~**", then the third value
is 3 = —27/3 since
6i3<p3 — e—i27r.

It is important to stress that in cartesian coordinates there is no ambiguity. The three cube

roots of 1 are 3 3
1 3 1 3
G ;G 5 +1 5 (3 5 ? 5

Exercise 6.4. Determine all values of z € C such that 2° = 1.
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Lecture #7: Powers and Roots of Algebraic Equations
Example 7.1. Find all values of z € C such that 2% = 1.

Solution. Suppose that ¢ is a solution to the equation. We begin by noting that ¢* = 1
implies |¢|* = 1 which in turn implies |¢| = 1 so that ( lies on the unit circle. Therefore, we
assume that the polar form of ¢ is ( = ¢ and so we need to solve

C4 — 62450 — 610 —1.

However, we know that
e = P2 for ke Z.

Since we want ¢ € [0,27), we conclude that
4o € {0,2m, 47,67} so that ¢ € {0,7/2,7,37/2}.
Thus, there are four solutions to z* = 1, namely
gl — eiO _ 17 CQ _ ei7r/2 _ 2'7 g3 _ 6i7r _ _1’ <-4 _ 6z'37r/2 S

We can plot these solutions in the complex plane.

»
e

Figure 7.1: Geometric representation of solutions to 2* = 1.

Also note that C;l = 1 for each 7 = 1,2,3,4. Therefore, since multiplication of complex
variables of unit modulus corresponds to rotation, we can conclude that the four roots are
related to each other by a rotation of 27/4 = 7 /2 radians.

We can now generalize the previous example.
Example 7.2. Find all values of z € C such that 2" = 1 where n is a positive integer.

Solution. Note that any solution will necessarily have modulus 1. Therefore, consider
¢ = €. There are n values of ¢ in [0,27) for which

Cn — eimp -1

holds.
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In fact, they satisfy

or, equivalently,

2k
=" k=01,...,n-1
n
Thus, the n solutions are
Cl — 61’0 — 17 <2 _ ei27r/n’ CS _ 6i47r/n7 - Cn _ eiZ(n—l)Tr/n.
We call
{Cl = 17(27"'7Cn}

the n roots of unity.

T G

Va=1

=I5

e

Figure 7.2: Geometric representation of the n roots of unity.

We can represent the n roots of unity as n points equally spaces around the circle of radius
1. Note that (; = 1, and each subsequent root is obtained by rotating the previous root by
27 /n radians. After n rotations, we are back to our starting point.

The Roots of Unity

We will now consider a different notation for the roots of unity. Let

W, = 61271—/”.

Note that

0 2 127 /n\2 il /n k 27w /n\k 2wk /n
WO =1, w2 = (M= einin k= (k= gimk/n

and so the n roots of unity can be written as
0 _ 2 n—1
{w, = Lwy,ws,...,wr "}

The geometric interpretation to the roots of unity that we gave above is perhaps even more
clearly illustrated with this notation. The first root of unity is w? = 1. The second root
of unity is w, = w, - 1 which represents rotation by 27 /n degrees from 1. The third root
of unity is w? = w, - w, which represents rotation by 27 /n degrees from e?*/". In general,
subsequent roots of unity can be obtained from the previous root by rotation through 27 /n
radians.
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Proposition 7.3. If w, = €?™/", then
14w, +ws+-F+wri ' =0.

Proof. This follows immediately from Proposition 5.2. That is,

1 —wy
l+w,+ws+- - Fwp ' = = =0
1—w,
since wh = (€™M = T = 1, O
1/4

Example 7.4. Determine all complex values of (16)

Solution. We know that the fourth roots of unity are 1, —1, i, and —:. We know that
the fourth root of the positive real number |16] is 2. Thus, the possible fourth roots of the
complex variable 16 are

{2, —2,2i, —2i}.

Observe that we can write
(16)1/4 — |16|1/411/4.

Here we are viewing (16)'/* € C, |16/'/* € R, and 1!/ € C.

In fact, the idea of the previous example holds in general.

Example 7.5. Suppose that w € C is given. Determine all values of z € C such that
2" =w.

Solution. Suppose that ( is one such solution so that (" = w. If we write w = re? and
¢ = pe*?, then we must have

pneimp — rei@
Since both p and r are non-negative real numbers, we must have p = r/". Here we are
writing p for the unique positive real valued nth root of r. Moreover, since

¢ =rY"e% sothat [¢| ="

we see that the solutions lie on the circle of radius r'/". Furthermore, we know that there

are n values of ¢ € [0, 27) for which
eimp _ ei@)

namely
ne=0+2kr, k=0,1,....,n—1,

or, equivalently,

0+ 2k
o= T 01—
n
Thus, the n solutions to 2™ = w = re® are (4, ..., ¢, where

G = r'/re 0t/ =0 1, n— 1.
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Lecture #11: Limits, Continuity, and Differentiability

Definition. Let f(z) be a function defined in some neighbourhood of zy, except possibly at
2o itself. We say that f(z) converges to wy as z converges to zy, written

lim f(Z) = Wo,
Z—20

if for every € > 0 there exists a 6 > 0 such that | f(z) — wp| < € whenever 0 < |z — 2| < 4.

Definition. We say that f(z) is continuous at zy if

lim f(z) = f(z).

zZ—r20

Remark. This is the same definition as in calculus except that the condition 0 < |z—z| < §
allows z to approach zy in any direction as shown in Figure 11.1. This makes limits much
more subtle with complex variables.

Bs(z0) = {2 : |z — 20| < 0}

Figure 11.1: z can approach z, from any direction.

Definition. Let f(z) be defined in a neighbourhood of z,. The derivative of f(z) at zy is

d iy e J(z0+ Az) = f(z20)
@f(z) Y fz0) = Alggo Az

provided that the limit exists.

Remark. The limit must be independent of path Az — 0 in order for the derivative to
exist.

Example 11.1. Let f : C — C be given by f(z) = 2. Show that f(z) is differentiable at zy
for every zy € C.

Solution. Since

lim f(20+Az) = flz) _ lim (20 +Az) = (20) _ lim Az 1

Az—0 Az Az—0 Az Az—0 Az

for all zy € C, we conclude that f is differentiable at zo for every zg € C with f'(z) = 1.
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Example 11.2. Let f: C — C be given by f(z) =Zz. Is f(z) differentiable at zy € C?
Solution. Observe that
f(20+Az) — f(20) (20 +Az) — (20) _ E

Az Az Az’

and so the question is to determine what happens as Az — 0. In particular, is the value
independent of path? To see that it is not, let Az = Az + iAy so that

’ Az ) Ax + iAy . Ax —iAy
m — = 11m —_— = 11m —_—.
Az—0 Az Az—0, Ay—0 Ax + ZAy Az—0, Ay—0 Ax =+ ZAy

Consider approaching 0 along the positive real axis. This means that Ay = 0 so that
Az = Ax and
Az — 0 if and only if Az — 0.

Therefore, we conclude

’ Ax —iAy i Ax —iAy . Az
i _ _

m —_— = 11m —_— = 11 — = 1
Az—0, Ay—0 Ax + 1Ay Az—0, Ay=0 Ax + 1Ay A0 Ax

Now consider approaching 0 along the positive imaginary axis. This means that Az = 0 so
that Az = iAy and
Az — 0 if and only if Ay — 0.

Therefore, we conclude

i Az —i1Ay ) Az —iAy i —iAy

m —_— = 111 -/ = 11m —1.
Ax—0, Ay—0 Az + 1Ay Az=0, Ay—0 Ax + 1Ay  Ay=0 iAy

Since the value of the limit is not independent of path, we conclude that f(z) = Z is nowhere
differentiable!

Example 11.3. Let f: C — C be given by f(z) = |2|?. Is f(z) differentiable at z, € C?
Solution. Observe that
flzo+ Az) — f(z0) |20+ Az — 20> (20 + A2)(Z0+ Az) — 2%

Az Az Az

2020 + 20z + 20z + AzAz — %Zo

N Az

A p—

=72 —+ A

ot 20 Az + Az
and so the question is to determine what happens as Az — 0. Consider
Y.V —
i (g + 55 .

We know that

. zZ .
lim — does not exist
Az—0 z
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and so the middle term in (x) does not exist ezcept when zy = 0. However, if 2y = 0, then

i {02 SO A

Az—0 Az Az—0

This means that f(z) = |z|? is differentiable at 2o = 0 with f’(0) = 0, but is not differentiable
at any zo € C\ {0}.

Remark. The function f(z) = 7 is nowhere differentiable, and the function f(z) = |z|?
is differentiable only at 0. As we will see more formally later, functions that involve Z are
typically not differentiable.

Definition. A function f(z) is analytic in some domain D if it is differentiable at each point
in D. (Recall that a domain is an open, connected set. In particular, D cannot be a single
point.)

Definition. A function f(z) is analytic at z, if it is differentiable at 2z, and if it is differen-
tiable at all z in some neighbourhood of z.

Example 11.4. The function f(z) = z is analytic at 0 since it is differentiable at 0 and
is differentiable at all z in any neighbourhood of 0. (In fact, f(z) = z is analytic in C.)
The function f(z) = |z|? is differentiable at 0, but it is not analytic at 0 since it is not
differentiable at any z # 0.

Remark. The usual properties of limits that we had in calculus for real functions also hold
for complex function. In particular, we can deduce the following results from their real
variable counterparts:

o L) = F(2)g(=) + ) (2),
.i(ﬂ@):f@ﬂd—y@ﬂ@

dz \ g(2) 2(2) ;
° %(fog)(Z) = f'(9(2))d (2),

o %(af(z) +B) =af'(z) + B, for any «, § € C.

Note. When answering the problems on Assignment #3, note that the only derivative results
we have proved are the following.

o If f(2) =z, then f'(z) = 1.
e If f(z) =z, then f/(z) does not exist for any z € C.
o If f(2) =]z|? then f’(0) = 0 and f’(z) does not exist for any z € C\ {0}.
For any other complex function f(z), you need to use the definition of derivative to determine

f'(2).
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Lecture #12: Selected Review of Assignments #2 and #3
Example 12.1 (Assignment #2, Problem #10). Solve the equation (z+1)° = 2° for z € C.

Solution. Consider the function f(z) = (z+1)° — 2°. If we expand (z + 1)° we see that the
leading term is 2°. Hence, f(z) is a fourth degree polynomial. Thus, there are four complex
variables (1, (2, (3, ¢4 with f(¢;) = 0. Observe that (z + 1)® = 2° is equivalent to

- (z+51)5 _ (z+1)5: (1+1)5

for all z € C\ {0}. If we let w =1+ 27!, then w® = 1 implies that

w E {1,6127r/576147r/5’ e167r/57 elBTr/E)}

and so
1+ Z—l c {176127r/57ez47r/5’€z67r/5762877/5}‘

Since z = 0 is clearly not a solution to (z + 1)° = 2°, we conclude that 1 + 27 = 1 is not
a legitimate solution to (1 + 27')® = 1. (That is, 1 + z=! = 1 implies 2=! = 0 which is

nonsensical.) Hence, 1 + 271 € {27/5, i/ ¢67/5 ¢i87/51 g0 that

1 1 1 1
G = ci2r/5 _ 1’ G2 = cidr/5 _ 1’ G = cibr/5 _ 1’ 4= o5 _ 1

Example 12.2 (Assignment #2, Problem #3). Use de Moivre’s formula to prove that

sin(nf) sin((n + 1)0)

sin(20) + - - - + sin(2n) =

sin(0)
for 0 < 6 < .
Solution. Recall that if z # 1 € C, then
1— Zn—i—l
l4z+2°+ 2" =—"—
1—=2

Hence, if we take z = €™/ with 0 < § < 7, then

i20 1202 126 1 (eiQG) '
1+¢ _|_(el ) _|_..._|_(eZ )”—ﬁ
so that de Moivre’s formula 1mphes
1 — ei2(n+1)€

14 cos(26) + - - - 4 cos(2nd) + i[sin(26) + - - - + sin(2nf)] = BT
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We will write the right side of the previous equation as

1 — ei2(n+1)0 1 — ei20 + ei20 _ pi2(n+1)0 - ei20 _ pi2(n+1)0
1 — ei20 - 1 — ei20 - 1 — ei20
so that
¢i20 _ ci2(n+1)0

cos(20) + - - - + cos(2nf) + i[sin(20) + - - - + sin(2nh)] = o
J— e'L

Thus, we conclude that

6220 _ 6i2(n—|—1)9
sin(26) + - - - + sin(2nf) = Im [ T ]
Multiplying and dividing by =% implies
0120 _ oi2(n+1)0 =6 20 _ pi2(n+1)0 gif _ ,i(2n41)0
1 — 20 =0 ] _ 20 o—if _ gif

We now write

619 . 6z(2n—|—1)49 — 619(1 . ez2n9) _ 67,962719(6—2719 . eme) — ez(n—l—l)e(e—zne . eznG)
and so 0 i(2n+1)8 ind ind
% i(2n+ —1in in :
e’ —e i) (e —e™) i(n+1)0 sin(nd)
—i0 _ g0 € 0 _ g0 © : '
e~ — et e —e¢ sin(6)
Therefore,

120 i2(n+1)0 : : . .
I | € 20 _ ¢ 2A( +1) L | eitnr00 S1T1(n6’) _ S1T1(n6’) I [ei+19) — sin(nd) S.ln((n +1)0)
1 — e sin(6) sin(6) sin(6)
so that
sin(nd) sin((n + 1)0)

(20 + - sinend) = "L

as required.

Example 12.3 (Assignment #3, Problem #4). Show that the Joukowski function defined

by
w:J(z):%<z+§)

maps the circle {|z| = r,r > 0,7 # 1} onto the ellipse

which has foci at +1.
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Solution 1. Consider the circle {|z| = r,r > 0,7 # 1}. Suppose that we write z in polar
coordinates as z = re?? and that we write w = J(2) as w = u + iv. Hence,

1 .
( 0 + e—z@)
r

1 .
|:TCOSH—|—Z7"SIH6‘+ —cosf — 3sm@]
r r

1 1
<—|— )C089+ (r——)sin@
2 T
1 1
u:—(r—f——)cosﬁ and vzl(r—l)smé’.
2 T 2 T

If we then solve for cosf and sin @ in the previous expressions, we obtain

1 1
u+iv:w:J(z):§<z—|—;> =

1
2
1
2
1
2

which implies that

v
3 (r+ )

In other words, J maps the circle {|z| = r,7 > 0,7 # 1} onto the ellipse

2 2
+ [%] = cos®f + sin?6 = 1.
-0

u? v?

+ =
1 1))2 1 1))2
Gor+2) G=13)
Solution 2. If we write z in cartesian coordinates as z = x + iy and w = J(z) as w = u+1iv,
then we obtain

1 T — 1y
2 w) =2w =2J(z) = - = = '
(u+iv) = 2w (2) 2t - P x+zy+m2+y2
+ - +1 Y
=|(z+——— 1|l y—
x2+y2 Yy $2+y2
which implies that
Y
2’LL:$—|—:U2—+y2 and 2U:y—x2+y2.

We know that 22 4 y? = 72, and so we can write the previous expressions as

1 1
2u:m(1—|——) and QU:y(l——).
r r

Thus, if we solve the previous expressions for x and y, square them, and add them, we obtain

2u 2 2v 2
2 2 2
P Le} [1—;}

which, after some arithmetic, is equivalent to

Ge+) Ge-D)
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Lecture #13: Analyticity and the Cauchy-Riemann Equations

Question. Suppose that f(z) = u(z)+iv(z). Under what conditions on u = u(z) = u(x,y)
and v = v(z) = v(z,y) is f(z) analytic?

Answer. We certainly need f to be differentiable at z;. This means that f is defined in
some neighbourhood of zy and

Fz) = lim flzo + A2) — f(20)

Az50 Az

(*)

exists. (In particular, the value of the limit is independent of the path Az — 0.) Let
Az = Ax + iAy. We know that (x) exists if (i) Ay = 0 and Az — 0, and (ii) Az = 0 and
Ay — 0. Consider first the case Ay = 0. We have

fz0+A2) = f(20) _ f(zo+Az) — f(20)

Az Az
f(xo + Az +iyo) — f(xo + iyo)
N Ax
_u(mo + Az, yo) +iv(xe + A, yo) — (w0, Yo) + v(20, Yo))
N Az
u(wo + Aw,yo) — u(wo, yo) | .v(xo + Az, y0) — v(To, Yo)
= +1
Az Ax
Now consider the case Ax = 0. We have
f(2o+Az) — f(20)  f(z0+iAy) — f(20)
Az N 1Ay
 flao +iyo +iAy) — flao + iyo)
B 1Ay
—u(o, Yo + Ay) 4 iv(20, yo + Ay) — (u(zo,yo) + iv(z0,Y0))
N 1Ay
_ v(zo,y0 + Ay) — v(zo,40) Z-U(l'O, Yo + Ay) — u(zo, yo)
Ay Ay

Since both of these are expressions for f/(zy) in the limit, we obtain by equating real and
imaginary parts that

U(xo + Az, yo) — u(o, yo) v(z0, Yo + Ay) — U($07 Yo)

Alggo Ax - Alglfgo Ay
and
lim v(xo + A, yo) — v(wo, Yo) — _ lim u(wo, yo + Ay) — U(SCO,Z/O)_

Az—0 Ax Ay—0 Ay
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Equivalently,

ou ov ov ou
%(ﬁo,yo) = a—y(ﬂﬁoayo) and %(xoyyo) = —8—y($0,y0)-

These are the celebrated Cauchy-Riemann equations.

Theorem 13.1. If f(2) = u(z) + iv(z) = u(x,y) + iv(x,y) is differentiable at zo, then the
Cauchy-Riemann equations are satisfied at zo = xo + iyo; that is, if f'(20) exists, then

ou ov ov ou

— (o, = —(xo, and —(xg, = ——/ (20, Y0)-

8£U( 0 ?JO) ay( 0 yO) 61'( 0 yO) ay( 0 yO)
This theorem is most useful, however, when considered in the contrapositive.

Corollary 13.2. Consider f(z) = u(z) +iv(z) = u(z,y) +iv(z,y). If the Cauchy-Riemann
equations are not satisfied by f at (xo,y0), then f is not differentiable at zy. In particular,
if fis not differentiable at zy, then f is not analytic at z.

Example 13.3. Let f(z) = Z = x — iy so that

w(z,y) =2 and v(z,y)=-y.

We find
ou ov
e I |
or 7 Oy ’
ov ou
— =0, — =0.
Ox T Oy

Since the Cauchy-Riemann equations are not satisfied for any z;, we conclude that f is
nowhere differentiable.

Example 13.4. Let f(z) = |2|*> = 22 + y? so that

u(z,y) =2 and v(z,y) =y

We find
ou v
8_x(x0’ Yo) = 20, a—y(xm Yo) = 0,
ov ou

(9_95(%’%) =0, a—y(ato,yo) = 2yo.

The Cauchy-Riemann equations are only satisfied at zo = (29, yo) = (0,0). Since the Cauchy-
Riemann equations are NOT satisfied at zy # 0, we conclude that f is not differentiable at
2o € C\ {0}. Hence, f is not analytic at 0. It is very important to stress that we CANNOT
use the Cauchy-Riemann equations to determine whether or not f’(0) exists. (Using the
definition of derivative, we showed in Example 11.3 that f’(0) = 0.)

13-2



Exercise 13.5. Use the Cauchy-Riemann equations to show that f(z) = Im z is nowhere
differentiable.

Exercise 13.6. Use the Cauchy-Riemann equations to show that f(z) = Re z is nowhere
differentiable.

The key observation is that Theorem 13.1 gives us a necessary condition for differentiability,
namely if f is differentiable at 2y, then f satisfies the Cauchy-Riemann equations at zy. It
does not, however, give us a sufficient condition for a function to be differentiable. That is,
it is possible for a function f = u + v to satisfy the Cauchy-Riemann equations at zj, yet
not be differentiable at zj.

Exercise 13.7. Consider the function
4/3,5/3 | :.5/3,4/3
. ™7y —ny,ifz;éo,
f(z) = flz+iy) = a? + y?
0, if z=0.
Show that the Cauchy-Riemann equations hold at z = 0, but that f is not differentiable at
z = 0. (Hint: Consider Az — 0 along (i) the real axis, and (ii) the line y = z.)

Theorem 13.8. Let f(z) be defined in some neighbourhood D of the point zg = xo + iyo. If
the Cauchy-Riemann equations are satisfied at zy, namely

0 0 0 0
G_Z(IO"%) = 8_2(%"%) and G—Z@O,yo) = _a_Z<x0ay0)7

and if
ou @ ov  Ov

dx’ By’ dr dy
all exist in D and are continuous at zy, then f is differentiable at 2.
Example 13.9. Suppose that f = u + v is analytic in a domain D. Show that wu satisfies
Laplace’s equation in D (assuming that gy, Uy, Vsy, Uy, exist in D and are sufficiently
smooth so that v, = vy,).
Solution. Since f(z) = u(z) + iv(z) = u(x,y) + iv(x,y) is analytic in D, we know the
Cauchy-Riemann equations are satisfied at any zg = x¢ + iyo € D. This means that

ou ov ov ou
—(z0, %) = a—y(%,yo) and %(Io,yo) = —a—y@o,yo)-

ox
Taking the second partials of u with respect to x and y implies that
0%u *v 0%v 0%u

z= - -7 d - __- "
al,g (370790) 8xay ('r07y0> an ayax(x()vy()) ayg (x()?y())
and so o2 52 52 52
U U v v
@(%;yo) + a_yg(ilfo;yo) = 8x—(9y(x0’y0) - m(%;yo) = 0.
Definition. An entire function is one that is analytic in the entire complex plane.

Example 13.10. Show that the function f(z) = ¢* = e%e™ = e*[cosy + isiny]| is entire.
Also show that f(C) =C\ {0}.
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Solution. If f(z) = e* = e%e" = e®[cosy + isiny], then

0 0

a—z(xo, Yo) = €™ cos Yo, a—;(ivo, Yo) = €™ sinyp,
and 5 5

v U

— (o, =e"cosyy, —(xg, = —e" sin yp.

8y( 05 %0) Yo 8y( 05 %0) Yo
Observe that

ou ou ov ov

8_x<zo)’ a—y(»’«’o)a g(%% a—y(ZO)

exist for all zg € C and are clearly continuous at zy. Since the Cauchy-Riemann equations are
also satisfied for every zg € C, we conclude from Theorem 13.8 that f(z) = e is differentiable
at every zg € C. Hence, e? is necessarily analytic at every zy € C so that e* is entire. Observe
that if 2 € C, then e* # 0. This follows from the fact that e* > 0 for every x € R and
cosy + isiny # 0 for every y € R (i.e., cosy and siny are never simultaneously equal to 0).
To finish the proof that f(C) = C\ {0}, suppose that w € C\ {0} and observe that

e lvl(cos(Argw) + isin(Argw)) = w.

In other words, if z = log |w| + i Arg w, then

z _ elog\w\Jri Argw i Arg(w)

e = |wle =w.

Since cosy and siny are periodic with period 27, we conclude that
z 2427

€ =ec

That is, e* is periodic with period 27i. Since Arg(w) € (—m, 7|, we therefore take the
fundamental region for e* to be
{-7m<Imz <7}

as shown in Figure 13.1.

|
| .

—mi

Figure 13.1: The fundamental region for e*.

13-4



Mathematics 312 (Fall 2012) October 5, 2012
Prof. Michael Kozdron

Lecture #14: Harmonicity and the Cauchy-Riemann Equations

Suppose that f(z) = u(z) + iv(z) is analytic in a domain D so that u and v satisfy the
Cauchy-Riemann equations in D, namely

uz(20) = vy(20) and w,(20) = —vz(20)

for every zy = xo + iyo € D. We know from Example 13.9 that if wg,, wyy, sy, Vye exist in
D and are sufficiently smooth so that v, = v,., then u satisfies Laplace’s equation in D,

namely 2 5
u u
@(Ioayo) + a_yg('rOJyO) =0

for every zp € D.

Definition. Suppose that D C C is a domain. We say that a function v : D — R is
harmonic if each of gy, Uyy, Ugy, and u,, is continuous in D and if u satisfies Laplace’s
equation in D, namely

u:px<x07 3/0) + uyy(xm yO) =0
for every zg = xg +1yg € D.

Example 14.1. Suppose that v : C — R is given by u(z) = u(z,y) = 2® — 3wy® +y. Verify
that w is harmonic in C, and then find an analytic function f : C — C with Re f(z) = u(2).

Solution. To show that u is harmonic in C, we need to show (i) gy, wyy, Uy, and u,, are
continuous, and (ii) g, + uy, = 0. That is,

Uy = 322 — 3y2 so that wu,, =62 and wuy, = —6y
and
uy = —6zy +1 sothat wuy, = —6x and u,, = —06y.

Clearly, ugg, Uyy, Usy, and u,, are continuous and
Ugg + Uyy = 62 — 62 =0

so that w is, in fact, harmonic in C. To find an analytic function f with Re f(z) = u(z)
means that we must find v(z) such that f(z) = u(z)+iv(2) is analytic in C. Note that v(z)
is called a harmonic conjugate of u(z). (As we will see shortly, v(z) is not unique.) Since f is
assumed to be analytic, we know that v and v must satisfy the Cauchy-Riemann equations.
That is,

Uy = v, implies v, = 32% — 3y?

and
u, = —v, implies v, = 6xy — 1.
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Integrating v, implies
v(x,y) = 3x°y — 6y + Cy ()

and integrating v, implies that
v(x,y) = 32%y — x + Cy(y).

By comparing these two expressions for v(z,y), we see that v(x,y) must be of the form
v(x,y) = 32°y — 6y —x +C

where (' is an arbitrary real constant. Since the problem asks us to find one analytic function
f with Re f(2) = u(z), the one we’ll choose is

[(2) = f(@,y) = u(z,y) +iv(w,y) = &* = 3zy® +y + i(32y — 6y — = + 312).
It is worth noting that we can write f(z) as a function of z as follows:
f(z) =2* —iz + 312i.

Remark. Assuming appropriate smoothness, we have shown that the real part of every
analytic function f is harmonic. The converse, however, is not true. That is, not every
smooth harmonic function u : D — R is necessarily the real part of some analytic function.
As an example, consider u(z) = log|z| for z € D = {0 < |z| < 1}. It is not hard to show
that u is harmonic in D. However, it can also be shown that u does not have a harmonic
conjugate in D. Compare this to Problem #8 on Assignment #4. The function u(z) = log|z|
for z € D = {Rez > 0} is harmonic in D and does have a harmonic conjugate in D.

Analytic Properties of Elementary Functions

Recall from Lecture #13 that we set out to determine when a function is differentiable. One
consequence of our calculations was the following. We showed that if f was differentiable
at zg, then f satisfied the Cauchy-Riemann equations at zy. The way we derived this result
was to compute f'(zp) in two ways and then equate real and imaginary parts. If we step
back, however, we can view our computations as a way of calculating f’(zp).

Theorem 14.2. Consider the function f(z) = u(z) + iv(z) defined in some neighbourhood
of zo. If [ is differentiable at zog = xo + 1Yo, then

, 0 0
['(20) = 8—3(%7%) + Z@—Z(xoayo)

and

, v Ou
f'(20) = a—y(iﬂo,yo) - Za—y($0>y0)-

Remark. It is important to stress that we must still know a prior: that f is differentiable

at zp in order to conclude that its derivative is given by either of these formulas. The most
common way of doing this is to use Theorem 13.8.
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Example 14.3. Prove that if f(z) = e* = e®[cosy + isiny], then f/(z) = e*.

Solution. We know from Example 13.10 that e* is entire. Therefore, we can apply Theo-
rem 14.2 to conclude

ou ov
"(20) = =— (20, Y0) + i— (20, Yo) = €™ cosyy + €™ sinyy = €.
f( o) 8:6( 0 yo) 835( 0 yo) Yo Yo
Recall that we can write the real-valued functions sin 8 and cos 8 as

i0 —i0 i0 —i0
e J—

cosf = L and sinf = i
2 21

This motivates the following definition.
Definition. The complex-valued functions cos z and sin z are defined to be

eiz + efiz . eiz _ efiz
cosz = ——— and sinz = e e—
2 21

We now make a couple of important observations.

e The function e? is periodic with period 277 and the function €% is periodic with period
2.

e Since ¢”* and e~%* are both entire functions, the functions cos z and sin z are also entire.

e sin(z + 2wk) = sin z and cos(z + 27k) = cos z for any integer k. This means that the
fundamental region for cos z and sin z is {0 < Rez < 27}; see Figure 14.1.

Figure 14.1: The fundamental region for cos z and sin z.

Example 14.4. Prove that
d . .
—sinz =cosz and —cosz = —sinz.

dz dz
Solution. We find

) d eiz o e—iz Z'eiz + Z'e—iz eiz + e—iz
—SIinz = — - = - = = COS Z.
dz dz 21 21 2
and .
d d e e~ e — je iz el? _ iz ]
— COS 2 = — = = — - = —Sin z.
dz dz 2 2 2
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Lecture #15: Analytic Properties of Elementary Functions

Recall that we have defined the complex-valued functions e*, cosz, and sinz. The other
complex-valued trigonometric functions are defined in the same way as their real counter-
parts. That is,

sin z
e tanz = ,
COS 2
1
® secz = ,
COS 2
e cscz = ——, and
sin 2
1 COS 2
e cotz = =

tanz  sinz’

Note that cot z and cscz are analytic except at the zeroes of sinz, namely at z = km,
k € Z. Also note that tan z and sec z are analytic except at the zeroes of cos z, namely at
z=m/2+knm, k € Z.

Exercise 15.1. Show that the following identities hold for cos z and sin z:
e sin(z + 27) =sinz, cos(z + 2m) = cos z,
e sin(—z) = —sinz, cos(—z) = cos z,
o sin?z + cos?z =1,
e sin(z; & z5) = sin 27 cos 2o + sin 25 cos 27,
e co8(z1 & 2z9) = €OS 21 COS 29 F Sin 23 sin 27,

2

22 —sin? 2.

e sin(2z) = 2sinzcosz, cos(2z) = cos

In fact, we can also show that the differentiation formulas that hold for real-valued trigono-
metric functions also hold for the complex-valued ones; that is,

. —tanz:seczz,
dz
_ 2
e — cotz = —csc” z,
dz
d
e —secz = sec ztan z, and
dz
d
® — (cscz = —csczcot z.
dz

Exercise 15.2. Verify the previous differentiation formulas hold.
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We are now about to define the complex-valued logarithm function. Recall that for real
variables, we can define the (natural) logarithm of x # 0, written as log z, to be that unique
number satisfying e6* = z. Moreover, we also know that log(e®) = x so that the functions
f(z) = e* and g(x) = log x are inverses.

Example 15.3. Solve ¢* = 7/4 for x € R.

Solution. We can use logarithms to solve this problem. That is, e* = /4 implies x =
log(e*) = log(m/4).

Remark. To solve the previous problem we used a key fact about real-valued logarithms,

namely

z1 Z2

et = ¢ if and only if z; = @,

or, equivalently,
logx; =logxy if and only if x; = x5.

We have already discovered that the function e is 27i periodic, namely e = e*72™ so that
we cannot simply define the complex-valued logarithm to be the inverse of e*.

Example 15.4. Solve e* = (1 +1i)/y/2 for z € C.

Solution. We write (1 4 4)/v/2 in polar coordinates as (14 14)/v/2 = ¢4 so that we need
to solve

e — em/4

for z. Hence, one solution is z = i7/4. But this is not the only solution. By periodicity, we
know e* = T2 L ¢ Z. Hence,

ez+27rkz — 617r/4

implies
2= (n/4+ 2rk)i, ke Z.

Let w € C # 0. We know that there are infinitely many values of z € C such that e* = w;
see Figure 15.1.

3mi

i

—7i //,,<<——“”7> w

Figure 15.1: The image of C under the mapping e*.

However, there is a unique value of z in the fundamental region {—7 < Imz < 7} with
e* = w. This is what we will use to define the logarithm of w; more precisely, this will be
the principal value of the logarithm.
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Definition. Suppose that w € C\ {0}. We define the principal value of the logarithm of w,
denoted Logw, to be
Logw = log |w| + i Arg(w).

Remark. We are writing Log with a capital L to stress that it is the principal value of the
complex-valued logarithm. Note that logx for x € R denotes the usual real-valued natural
logarithm.

Remark. The principal value of the logarithm of w # 0 can also be defined as the unique
value of z with —7m < Im z < 7 such that ¢* = w.

Example 15.5. Compute Log(1 + 7).

Solution. Since |1 +i| = v/2 and Arg(1 +4) = 7/4, we find

T

1

Definition. Let w € C\ {0}. The complex-valued logarithm of w is the multiple-valued
function given by

1
Log(1 +i) = log V2 + im/4 = Slog2+i

log w = log |w| + i arg(w).
Since arg(w) = {Arg(w) + 27k, k € Z}, we can also write

log w = {log |w| + i Arg(w) + 27ki, k € Z}.

Recall from Assignment #1 that arg(wjwsy) = arg(w;) + arg(ws) for all wy,wy € C, but that
Arg(wywy) # Arg(wy) + Arg(wse) for all wy, we € C. This translates into similar statements
for the complex-valued logarithm and the principal value of the logarithm.

Exercise 15.6. Show that log(wiws) = logw; + logwy for all wy,wy € C\ {0}. Find values
wy,wy € C\ {0} such that Log(wjws) # Logw; + Logws.

Proposition 15.7. The function f : C\ {0} — C given by f(z) = Log z is continuous at
all z except those along the negative real axis.

Proof. Since z + log |z| is clearly continuous for all z € C\ {0} and since Log z = log |z| +
i Arg(z), the result follows from the fact (Assignment #3) that z — Arg(z) is discontinuous
at each point on the nonpositive real axis. O

Recall that if f: (0,00) — R is given by f(z) = logz, then f'(x) = 1/x. The same type of

formula holds for the principal value of the logarithm, but must be stated very carefully.

Theorem 15.8. The function z — Log z is analytic in the domain D = C\ D* where
D*={2z€ C:Re(z) <0 and Im(z) =0}

and satisfies

d 1
— 1, i
dz 08 % z

for z € D.
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Proof. Let w = Log z. We must show that

. W —wy
lim
z=20 2 — 20

exists and equals 1/z for every zy € D. However, we know (by definition of Logz) that
z = €. We also know from from Example 13.10 and Example 14.3 that f(w) = e" is entire
with f'(w) = e*. In other words,

_ 4

dw

_ds
dw

w=wq

w Z— 20 wo

= lim = 2. (%)

w—wo W — wo

=€

d
@f(w)

wW=wq w=wo

The next step is to observe that by continuity (Proposition 15.7), w — wq as z — zy. Hence,

. w — Wy .
lim = lim .
zZ—20 2 — ZO w—wy 2 — ZO

w — Wy

()
However, compare the right side of (xx) with (x) to conclude

LW — Wy W — Wy . 1 1
— Log 2 = lim = lim = lim = —
dz 220 2 — Zp wowo 2 — Zp w—wo

z=2z0

for every zp € D. m
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Lecture #16: Applications of the Cauchy-Riemann Equations

Example 16.1. Prove that if r and 6 are polar coordinates, then the functions r" cos(nf)
and r"sin(nf) (where n is a positive integer) are harmonic as functions of = and y.

Solution. Consider 7" cos(nf) and r" sin(n#) where n is a positive integer. The key observa-
tion is that de Moivre’s formula tells us these are the real and imaginary parts, respectively,
of (rcos + irsin@)"; that is, if z = o + iy = re', then

oM — plpind — 4 cos(n@) +ar" sin(n@).

Hence, let u = " cos(nf) and v = r"sin(nf). In order to show that u and v are harmonic
as functions of x and y, we can use Example 13.9 which tells us that the real part of an an-
alytic function is harmonic (assuming the partial derivatives are smooth enough). However,
Example 13.9 says nothing about the imaginary part of an analytic function. Thus, the first
step is to prove the following.

Proposition 16.2. If f = u + iv is analytic in a domain D, then v satisfies Laplace’s
equation in D (assuming that vy, Uyy, Uzy, Uy exist in D and are sufficiently smooth so
that ugzy = Uy, ).

Proof. Since f(z) = u(z) 4+ iv(z) = u(x,y) + iv(z,y) is analytic in D, we know the Cauchy-
Riemann equations are satisfied at any zy = xg + iy € D. This means that

ou ov ov ou
%(ﬁo,yo) = a—y(ﬂﬁoayo) and %(xo,yo) = —a—y@o,yo)-

Taking the second partials of v with respect to z and y implies that

9% J*u 0%v 0%u
8_y2(x0’y0) = m(l’o;yo) and @(%,yo) = —axay(fb’o,yo)
and so o2 o 52 52
v v U U
@(560, yo) + 8—y2($0,yo) = —ax—ay(ﬂfo, yo) + m(%, yo) =0
which completes the proof. ]

Therefore, we see that if we can show that f(z) = 2" is analytic, we can conclude for free
from Example 13.9 and this proposition that u = r" cos(nf) and v = r" sin(n#) are harmonic
as functions of z and y.

In order to prove that f(z) = 2" is analytic, however, we need to show that f'(zy) exists for
all z5 € C. Consider

lim f(zo+ Az) — f(20) — lim (z0 + Az)™ — 2] '
Az—0 AZ Az—0 Az
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By the binomial theorem,

n

(20 + A2)" = Z (?) 2 (AZY =20+t Az + Z (Z) 20 (A,
=2

Jj=0

and so

(20 + A2)" — 2§ n— =~ n\ . i
A 0 — p27 1+Z )7 I(Az)~h
7j=2
Since j — 1 > 0 for 2 < j < n, we immediately deduce that

(A~ w1 N~ (M) J=1| — nl
g e iy | ()@ = s
]:

proving f(z) = 2" is entire with f'(z) = nzj "' for all 2y € C. In particular, u = Re(2") =
™ cos(nf) and v = Im(z™) = r" sin(nd) are both harmonic as functions of z and y.

The Cauchy-Riemann Equations and Laplace’s Equation in Polar Coordinates

An equivalent way to solve Example 16.1 is to compute u,, + uy, and v, + vy, directly for
both u = " cos(nf) and v = r" sin(nf). The difficulty with this approach is that u and v, as
written, are functions of  and #, but the partials that we wish to compute are with respect
to x and y. Therefore, we must use the multivariable chain rule to determine w,, ug, v, vg
in terms of u,, u,, v, v,. That is, we will introduce a change of variables

U(r,0) =u(z,y) and V(r,0) =v(z,vy)

with # = rcosf and y = rsinf. Observe that 72> = 22 + y? so that 2rr, = 2x which implies

x  rcosf
Ty = — = = cos 6.
r r
Moreover, tanf = y/x so that 6, = sec? # = —y/2* which implies
0 — Y B yCOSQO_ Tsin00052(9_ sin 6
T a2sec?d 2 r2sin’ r
Similarly,
cos
ry =sinf and 6, =
”

By the chain rule, we now find
Uy = Uty +Ugly = (cos 0)U, + (—r~*sin 0) Uy, uy = U,ry+ Ul = (sin @)U, + (r~ cos §)Us,
and

vy = Vory + Vi, = (cos )V, + (—r ' sin0)Vy, v, = Vir, + Vi, = (sin0)V, + (r~' cos ) Vj.
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If we now assume that f(z2) = u(2) +iv(z) = U(r,0) +iV (r,0) is differentiable at 2o = roe?
so that the Cauchy-Riemann equations are satisfied at zy, then

uz(20) = vy(20) and wy(20) = —vy(20)-
This implies
(cos 00)U, (10, 0) — (15" sin 0g) Uy (70, 0) = (sin 0)V; (10, 0o) + (rg t cos ) Va(ro,0o) ()
and
(sin 0o)U,(r0, 0) + (ry * cos 0p)Up(r0,00) = —(cos 0o)V;(ro, 00) + (5 sin 0g)Vy(ro, 00). (%)
Simplifying (%) and (k%) yields
(Un(r0,00) — 15 Vy(r0,00)) cos 8y — (Vy(ro, 00) + 15 Us(r0, 6)) sinfp = 0 (1)

and
(V;“(Tov 90) + T()_1U9<TU7 90)) COS 00 + (Ur(r07 90) - 7"0_1V9(7“0, 90)) sin 00 = 0. (i)
If we then multiple (1) by cosfy and (1) by sin 6y, and then add, we obtain
(U, (ro,00) — 15 Va(r0,00)) (cos? Oy + sin® ) = 0

which implies U, (ro,00) = ry ' Vy(ro,0p). On the other hand, if we then multiple (1) by
—sinfy and (1) by cosfy, and then add, we obtain

(Vi(ro,60) + 15 Ug(r0, 00) ) (cos® Oy + sin? By) = 0
which implies 75 ' Up(ro, 69) = —V,(ro, 0o).

Theorem 16.3. Let z = re®. If f(re?) = U(r,0) + iV (r,0) is differentiable at zy = roe™®,
then the Cauchy-Riemann equations in polar coordinates are satisfied at zo; that is,

ou 10V 10U oV
W(To,eg) = r—()%(ro,éo) and 71—0%(7“0,90) = —E(To,eo).

Summary. The Cauchy-Riemann equations in polar coordinates can be remembered as

1 1
U, =-Vy and -Up=—-V,.
r r

Example 16.4. Suppose that U(r,60) = r" cos(nf) and V(r,0) = r"sin(nd). We find

U, = nr" ! cos(nf)

Vo = nr" cos(nf)
and

Up = —nr" sin(nd)

V. = nr" ! sin(nd)

sothat U, = r~'Vy and 71Uy = —V,.. Hence, U and V satisfy the Cauchy-Riemann equations
in polar coordinates.
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We can now use the Cauchy-Riemann equations to derive Laplace’s equation in polar coor-
dinates. (Assume that all second partials exist and are sufficiently smooth so that the mixed
partials are equal.) That is, we know

uy = v, implies rU, =Vy and wu, = —v, implies Uy = —rV,

and so taking derivatives with respect to x of the first equation and derivatives with respect
to y of the second equation implies

0= (uz —vy)a + (uy +v2)y = (1Up — Vg)u + (Ug +1V;.)y.
Now, using the chain rule, we find
(TUT‘ - ‘/9)35 = r:pUr + T<Urrrz + Uﬁrex) - (%9‘936 + ‘/;«97’1)

and
(Us +1V2)y = (Useby + Urgry) + 1y Vo + r(Virry + Vo).

Adding the previous two terms, using the equality of the mixed partials, and simplifying
implies

U + 115Upe + (18, + 1)Uy + 0,Ugg = —1,) Vi — 11y Vi — (10 — 1) Vig + 0, Vo (%)

The next step is to note that

r9x+ry:r-—$+sin9:() and 10, —r, =71- cos 0 —cosf = 0.
so that (%) becomes
12Uy + 117U + 0,Ugg = =1, Vi — 11y Vi + 0, Vigg.
Substituting in r,, 6,, ry, 8,, we conclude
cos 0 [UT +rU,, + %U99:| = —sinf [VT + 1V, + %‘/99:| ) (1)

If, instead, at the beginning of the derivation we had taken derivatives with respect to y of
the first equation and derivatives with respect to z of the second equation, then we would
have found

1 1
cos 6 [V} + 1V + ;Vgg] = —sind {Ur +rU,, + ;U99:| ) (1)

We now multiple (1) by cosf, multiply (f) by sin#, and add, then we conclude
1
(cos? O + sin? ) {Ur +rU,, + ;U99:| =0

and so we finally arrive at Laplace’s equation in polar coordinates

11
Upr + ~U, + —Ugs = 0.
r T

164



Note that we can also conclude immediately that V' satisfies Laplace’s equation in polar
coordinates as well,

1 1
Vi + ~Vi + —5Vap = 0.
T r

Example 16.5. Suppose that U(r,6) = r" cos(nf). We can now show directly that U is
harmonic. That is,

U, =nr"tcos(nb), U, =n(n—1)r""2cos(nf), Uyg= —nr"sin(nd), Ugy = —n*r" cos(nd)
so that

1 1 1 1
Urr + =Ur + —Ugg = n(n — 1)r" 2 cos(nd) + = - nr" ' cos(nd) + - —n2r"™ cos(nb)
r r r r
= r""2cos(nf)[n(n — 1) +n — n?

=0
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Mathematics 312 (Fall 2012) October 15, 2012
Prof. Michael Kozdron

Lecture #17: Contour Integration

A contour integral is just a two-dimensional line integral (also known as a path integral).

A curve in the complex plane will be denoted by z = z(t), a < t < b. In other words, the
function z : R — C given by t +— z(t), a <t < b, describes a curve in C.

A smooth curve z = z(t) is a curve such that
(i) z(t) has a continuous derivative,
(ii) Z/(t) # 0 for all t € [a, b],

(iii) z(¢) is a one-to-one function.

Example 17.1. In Figure 17.1 below are examples of a smooth curve (left) and a non-smooth
curve (right).

Figure 17.1: Figure for Example 17.1. The curve on the left is smooth, whereas the curve
on the right is not smooth.

Example 17.2. Parametrize C}, the line segment going from 1 to 2 + ¢ in C as shown in
Figure 17.2 below.

Figure 17.2: Figure for Example 17.2 and Example 17.4.

Solution. Let z(t) =1+¢ 0<t <1, and let y(¢t) =t, 0 < ¢ <1, so that
2(t) =x(t) +iy(t) =1+t +it = 1+ (1 +4)t

for0 <t <1.
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Definition. A contour is a finite sequence of concatenated smooth curves z = 2(t) with a
specified direction.

Example 17.3. Figure 17.3 below shows an example of a contour. Note that this particular
contour is the concatenation of two smooth curves.

z(a) z(b)

Figure 17.3: Figure for Example 17.3; an example of a contour.

[= /Cf(z) dz

which is the contour integral of the function f(z) along the contour C'. That is, we integrate
f(2) along C'in C. Let z = 2(t), a <t < b, be a smooth parametrization of C. We define

]:/Cf(z)dz
1= [ )

Note that this definition requires

Let C be a contour and consider

to equal

to exist.
Example 17.4. Compute
I = / 22dz
Cy
where (] is the line segment going from 1 to 2 + ¢ in C as shown in Figure 17.2 above.

Solution. We know from Example 17.1 that C; is parametrized by z(t) = 1 + (1 + 0)t,
0 <t < 1. Note that 2(0) =1 and 2(1) = 2 +i. Now

2t =1+ 1+t =1+21+49)t+ (1 +0)°* and 2'(t) =1+
so that

/ Z‘Zdz:/1z(t)2.z'(t)dt:(1+i)/11+2(1+i)t+(1+¢)2t2dt

1 .\ 3 1
{1+zt+ (1+ )t2+ut3
= (

T+i)+ (1+4)>*+

1+ ,
= -+ =
3 3
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Example 17.5. Compute

]23 = / 22 dz
Cos

where C is the line segment going from 1 to 2 along the real axis, Cj is the line segment
going from 2 to 2+ parallel to the imaginary axis, and Cy3 = Co@C5 as shown in Figure 17.4
below.

241

Co3 =Cr® C3 Cs

» ———@

— ®

Cy 2

Figure 17.4: Figure for Example 17.5.

Solution. We can parametrize Cy as follows. Let z(t) =1+1¢,0 <t <1, and let y(¢) = 0,
0 <t <1, so that

2(t) =x(t) +iy(t) =1+t
for 0 <t < 1. We can parametrize C5 as follows. Let z(t) =2,0 <t <1, and let y(t) =1,
0 <t<1,sothat 2(t) =2 +4it, 0 <t < 1. Note, though, that we want to concatenate Cy
and Cj. Therefore, we will reparametrize C3 by 2(t) =24+ i(t — 1) =2 —i+it, 1 <t <2,
so that Ces = Cy @ C3 is parametrized by

Now,

/023 2dz = /OQZ(t)Q'Z,(t)dt:/Olz(t>2'Zl(t)dt+/122(t)2-z’(t)dt
:iA%1+OQJdﬁ%A?2—i+ﬁf.“h

(T+t)3*"  (2—i+it)3|

= +
3 0 3 1

_§_1+@+®3_§
3 3 3 3
@2+ 1
3

1+n
=-+—=1
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Observe that our answers from Examples 17.4 and 17.5 are the same; that is,

1 11
I = Iy = = + —i.
1 8=371T3
Is this a coincidence? In other words, we have taken two distinct contours connecting the
same beginning and ending points, and found that the answer to both contour integrals is
the same. Suppose we take more complicated contours connecting the same same beginning

and ending points. Will we get the same value for any contour integral?

[1:/ zdz
C

if C; = {e",0 <t <7} is that part of the upper half of the unit circle going from 1 to —1.

Example 17.6. Compute

Solution. If z(t) = ¢, 0 <t < 7, then 2/(t) = ie", and so

/Edz:/ %-z'(t)dt:/ e_it-ie“dt:i/ dt = in.
& 0 0 0

Example 17.7. Compute
[2 —/ zdz
Co

where Cy = {7, 0 <t < 7} is that part of the lower half of the unit circle going from 1 to
—1.

Solution. If 2(t) = e 0 <t < 7, then 2/(t) = —ie®, and so

/Edz:/ %-z'(t)dt:/ eit~—@'e—“dt:—i/ dt = —i.
Cy 0 0 0

Note that the answers to the previous two examples are different; that is, even though the
contours C; and Cs start and end at the same points, I1 # I5. What is the difference between
this pair of examples and the previous pair of examples?

Theorem 17.8 (Fundamental Theorem of Calculus for Contour Integrals). Suppose that D
is a domain. If f(2) is continuous in D and has an antiderivative F(z) throughout D (i.e.,
F(2) is analytic in D with F'(z) = f(2) for every z € D), then

[ 160z = P = Fea)
for any contour C' lying entirely in D.

Proof. Suppose that C' lies entirely in D and is parametrized by z = z(t), a <t < b. From
the definition of contour integral, we have

b
Lﬂ@®=Lf@@%Mﬂ&
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and note that the assumption that f(z) is continuous means that f(z(t)) - 2/(¢) is Riemann
integrable on [a, b]. The assumption that f has an antiderivative /' means that

%F(z(t)) = F'(=(t)) - 2/(t) = f(=(t)) - £'(0).

Therefore,

b , b d
/C f(z)de = / J((0)) - 2/(t) dt = / SP(2() dt = F(:(t)) — F((a)

by the usual Fundamental Theorem of Calculus. m

/szz
c

where C' is any contour connecting 1 and 2 + i.

Example 17.9. Compute

Solution. Observe that f(z) = z? is continuous in C and F(z) = 23/3 is entire with
F'(z) = f(2). Therefore, if C' is any contour with z(a) = 1 and z(b) = 2 + ¢, then the
Fundamental Theorem of Calculus for Contour Integrals implies

3
/szz—Z—
c 3

Remark. This explains why the answers to Examples 17.4 and 17.5 are the same. Note that
the function from Examples 17.6 and 17.7, namely 2z, does not have an antiderivative. This
is why the Fundamental Theorem of Calculus for Contour Integrals does not apply, and so
we are not surprised that contour integrals of Z do depend on the contour taken.

/ e dz
c

where C' is that part of the unit circle in the first quadrant going from 1 to .

(2+14)° 1 1 1,
3 3 3 37

3

z2=2+1 z=1

Example 17.10. Compute

Solution. Observe that f(z) = e is continuous in C and F(z) = —ie'® is entire with
F'(z) = f(z). Therefore, since C'is a contour with z(a) = 1 and z(b) = ¢, the Fundamental
Theorem of Calculus for Contour Integrals implies

/ e¥dz = —ie*”?
c

= —je ' 4ie’ =ie' —ie h.

+ Z-ezz

zZ=1

z=1
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Mathematics 312 (Fall 2012) October 17, 2012
Prof. Michael Kozdron

Lecture #18: The Cauchy Integral Theorem

The goal for today’s class will be to investigate the conditions under which

/Cf(z)dz:()

for a closed contour C'.

Theorem 18.1 (Fundamental Theorem of Calculus for Integrals over Closed Contours).
Suppose that D is a domain. If f(z) is continuous in D and has an antiderivative F(z)
throughout D (i.e., F(z) is analytic in D with F'(z) = f(z) for every z € D), then

/Cf(z) dz =0

for any closed contour C' lying entirely in D.
Proof. This follows from the usual Fundamental Theorem of Calculus. Suppose that C' is

parametrized by z = z(t), a < t < b. The hypothesis that f(z) is continuous in D is
necessary for the contour integral
JRCLE
c

| s 2o

The assumption that f has an antiderivative F' means that

to equal the Riemann integral

%F(z(t}) = F'(2(1) - 2/(t) = f(2(t)) - 2'(2).

Therefore,

/C f(z)dz = / F(2() - £ (8) dt = / SR(:(0) dt = P(=(0) ~ F(x(a)

by the usual Fundamental Theorem of Calculus. The assumption that C'is a closed contour
means that z(a) = z(b) which implies F'(z(b)) = F(z(a)). Hence,

/Cf(z) dz =0

for any closed contour C' lying entirely in D. m

Remark. This theorem can apply if D is an annulus and C' surrounds the hole.
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Theorem 18.2 (Cauchy Integral Theorem, Basic Version). Suppose that D is a domain. If
f(2) is analytic in D and f'(z) is continuous throughout D, then

/C f(z)dz =

for any closed contour C' lying entirely in D having the property that the region surrounded
by C' is a simply connected subdomain of D (in other words, C' is continuously deformable
to a point.)

This follows from Green’s theorem and requires the assumptions that f’(z) be continuous
throughout D and C' be continuously deformable to a point. Recall that Green’s theorem is
usually stated as follows.

Theorem 18.3 (Green’s Theorem). Suppose that R is a simply connected domain and that
C' = OR is a closed contour oriented counterclockwise. Let P = P(x,y) : R - R, Q =
Q(z,y) : R = R be continuously differentiable in R (so that P,, P,, Q., Q, are continuous
in R). Then,

/ P(x,y)dr + Q(x,y) dy—// (any 8Pé:;,y)> dz dy.

Proof of Cauchy Integral Theorem, Basic Version. Suppose that D is a domain and C' is a
closed contour in D which is continuously deformable to a point so that R, the interior of C|
is a simply connected subdomain of D. Suppose further that f(z) is analytic in D and that
f'(2) is continuous in D. In particular, this means that f(z) is analytic in R, and that f’(2)
is continuous in R. Thus, if we write f(z) = u(x,y) +iv(z,y) for z € D and dz = dz +idy,
then

[ 7@ds = [ (uteg) + ivta ) e+ idy)
c c
— /Cu(x, y) dz + iv(x,y) de + iu(z, y) dy — v(z, y) dy

= / w(z,y)dr —v(z,y)dy + 2/ v(x,y)de + u(z,y) dy.
c c
Without loss of generality, assume that C' is oriented counterclockwise. Since C' = IR is
a closed contour, R is a simply connected domain, and u,, u,, v,, v, are continuous (since

f(z) is analytic in R and f’(z) is continuous in R), we can apply Green’s theorem to each
integral separately. That is,

/ u(z,y) dz — v(z, y) dy—//( a”y “g;y)) dz dy
// (8ny ugc,y)) tody "

/ vz, y) dz + u(z,y dy—// (a“x ) mg;,m) dz dy. (%)

and




However, since f(z) is analytic in D we know that the Cauchy-Riemann equations are sat-
isfied in D; that is,

Uz (20, Yo) = vy(xo, yo) and  uy(xo, yo) = —va(Zo, Yo)

for any zg = x¢ + iyo € D. This implies that

// (ava 8u(az’y)) dzdy =0 and //R (%(ggy)_av(aa;,y)) dedy = 0

so that (%) and (xx) imply

/f dz—/ u(z, )dx—v(x,y)dy—f—i/ov(x,y)dx—|—u(x,y)dy:O

as required. N
Remark. This theorem cannot apply if D is an annulus and C' surrounds the hole.

Example 18.4. Suppose that D = {1 < |z| < 3} is the interior of the annulus of inner
radius 1 and outer radius 3. Let C' = {|z| = 2} denote the circle of radius 2. Show

/ 322dz = 0.
c

Solution. Observe that D is a domain. Also observe that f(z) = 322 is continuous in D
and has antiderivative F(z) = 2% throughout D; that is, F/(z) = z* is analytic in D with
F'(z) = 32% = f(z). The contour C' is closed and lies entirely in D. Thus, the hypotheses
have been met for the Fundamental Theorem of Calculus for Integrals over Closed Contours

and so we conclude
/ 322dz = 0.
c

Note that we cannot apply the Cauchy Integral Theorem to solve this problem. It is true
that f(z) = 322 is analytic in D with f’(z) = 6z so that f/(z) is continuous in D. Tt is also
true that the contour C' lies entirely in D. However, C' is not continuously deformable to a
point; in other words, the interior of C' is not a simply connected subdomain of D. In fact,
if R C D denotes the interior of C', then R = {1 < |z] < 2}. Thus, the hypotheses for the
Cauchy Integral Theorem have not been met.

Example 18.5. Suppose that D = {|z| < 3} is the interior of the disk of radius 3. Let
C = {|z| = 2} denote the circle of radius 2. Show

/ 322dz = 0.
c

Solution. In this case, since D is a domain and the closed contour C' is continuously de-
formable to a point, we can apply the Cauchy Integral Theorem. That is, f(z) = 322
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analytic in D and the interior of C' is {|z| < 2} which is a simply connected subdomain of
D. Therefore, by the Cauchy Integral Theorem, Basic Version, we conclude

/ 322dz = 0.
c

Of course, we could also use the Fundamental Theorem of Calculus for Integrals over Closed
Contours to draw the same conclusion. That is, f(z) = 322 is continuous in D and has
antiderivative F(z) = 2® throughout D, so that

/322dz:0
c

since the hypotheses of Theorem 18.1 have been met.

Remark. The Cauchy Integral Theorem in the form we stated it was first proved by
Augustin-Louis Cauchy (1789-1857). It was later shown by Edouard Goursat (1858-1936)
that the assumption that f’(z) be continuous is unnecessary.

Theorem 18.6 (Cauchy Integral Theorem, Advanced Version). Suppose that D is a domain.
If f(2) is analytic in D, then
/ f(z)dz=0
c

for any closed contour C' lying entirely in D having the property that the region surrounded
by C is a simply connected subset of D (in other words, C' is continuously deformable to a
point.)

Remark. The proof of this theorem is much too sophisticated for Math 312. However, for
the purposes of this class, any time you are asked to use the Cauchy Integral Theorem, you
will be able to verify that f’(z) is continuous.

Corollary 18.7 (Cauchy Integral Theorem for Simply Connected Domains, Basic Version).
Suppose that D is a simply connected domain. If f(z) is analytic in D, f'(z) is continuous
i D, and C' is a closed contour lying entirely in D, then

/Cf(z) dz =0.

Corollary 18.8 (Cauchy Integral Theorem for Simply Connected Domains, Advanced Ver-
sion). Suppose that D is a simply connected domain. If f(z) is analytic in D and C is a
closed contour lying entirely in D, then

/C F(2)dz = 0.

Proof of both corollaries. If D is simply connected, then any closed contour lying entirely in
D is necessarily continuously deformable to a point. O
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Mathematics 312 (Fall 2012) October 19, 2012
Prof. Michael Kozdron

Lecture #19: Applications of the Cauchy Integral Theorem
Example 19.1. Suppose p € Z. Compute

/z”dz
c

where C' = {|z| = r} is the circle of radius r > 0 centred at 0 oriented counterclockwise.

Solution. We will consider separately two cases, namely (i) p = 0,1,2,..., and (ii) p =
1,2,

In the first case, we can use either the Fundamental Theorem of Calculus for Integrals over
Closed Contours or the Cauchy Integral Theorem to conclude

/zpdz:O.
c

To use the FTC, observe that f(z) = 2P, p = 0,1,2,..., is continuous in C and that
F(2) = (p+1)7'2P™ is analytic in C with F’(z) = 2P = f(z). Since C is a closed contour,
the hypotheses of the FTC have been met so that

/zpdz:O.
c

Alternatively, the function f(z) = 2P, p = 0,1,2,..., is analytic in C with f/'(z) = 0 for
p = 0and f'(z2) = pz’~! for p = 1,2,.... In any case, f'(z) is continuous in C. Thus,
the hypotheses of the Cauchy Integral Theorem, Basic Version have been met and so we

conclude
/ ZXdz =0
c

In the second case, consider the function f(z) = 2P, p = —1,—2,.... This function is not
defined at z = 0 and so it is necessarily not continuous at z = 0 and not analytic at z = 0.
Thus, in order to compute
/ 2P dz
c

we cannot use either the FTC or the Cauchy Integral Theorem. Hence, we must compute it
as a contour integral using a parametrization of C. Let z(t) = re, 0 <t < 27, parametrize
C oriented counterclockwise. Since 2/(t) = ire', we find

2w 2m
/ 2Pdz = / (re™)? -ire' dt = irp+1/ e Pt gy,
c 0 0

We now consider two subcases. If p = —1, then

27 2
/ 2Pdz = / 21 dy = (D H / DD 4 — z/ dt = 2mi.
C C 0 0
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If p=-2,-3,..., then

e irptl
/ P dy = Pt / Pt 34 — .—el(p—f—l)t
c 0 ilp+1)

t=2m 7"p+1

o DPH1

since !PT = 1 as p € Z.

In summary, we have
/ P 2mi, ?fp: -1,
c 0, ifpeZ,p+#D0.
Example 19.2. Suppose that C' = {|z| = r} is the circle of radius » > 0 centred at 0
oriented counterclockwise. Let a € C. Compute

1
/ dz
CZ—a

assuming that (i) a is outside C' and (ii) a is inside C. (Note that a is never on C.)

Solution. If a is outside C', then there is some simply connected domain D containing C'
but not a. Moreover, the function f(z) = (z —a)~! is analytic in D with f/(z) = —(z —a) ™2
for z € D so that f/(z) is continuous in D. Hence, the hypotheses of the Cauchy Integral
Theorem, Basic Version have been met so that

1
/ dz = 0.
CZ—a

On the other hand, suppose that a is inside C' and let R denote the interior of C. Since
the function f(z) = (2 —a)~! is not analytic in any domain containing R, we cannot apply
the Cauchy Integral Theorem. Hence, we must compute it as a contour integral using a
parametrization of C. Let z(t) = re, 0 < t < 27, parametrize C oriented counterclockwise.
Since 2'(t) = ire®, we find

1 2 1 o 2T Z-Tez’t
dz = - ciret dt = - dt.
cZ—a o ret—a o ret—a

Now we would like to compute the Riemann integral. Observe that if the imaginary unit ¢
were absent (and assuming a € R) we would find

2w ’I“Gt .
/0 - dt = log(re” — a)

rer —a

t=2m

t=0

where the log is a natural logarithm. However, the inclusion of the imaginary unit ¢ means
that we cannot simply say

t=2m

27 T o0t
/ TC gt = Log(re” — a) (%)
0

ret —q

t=0
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where the Log is the principal value of the logarithm. In fact, observe that
t=2m

= Log(re”™ — a) — Log(r — a) = Log(r —a) — Log(r —a) =0
t=0

Log(re" — a)

and so if (%) were actually true, we would find

1 et
/z—adz:/ 7neit_@dt:O
c 0

But we have already shown that in the case a = 0, the integral does not equal 0, but rather

1
/—dz:2m'.
CZ

2 peit
——dt
o ret—a

we must consider the real and imaginary parts separately. Now,

This means that in order to compute

ret ret  re7® —gq r? —are'

ret —a ret—a re"®—a r2—aret —are "+ |al?

r2 — |a|,r,ei(thrga)
24 |al? — 2|alr cos(t — Arga)
r? — |a|r cos(t — Arga) , la|rsin(t — Arga)
= —1
r2 + |a]? — 2|a|r cos(t — Arga) 12+ |a|]? — 2|a|r cos(t — Arga)
so that
2 it
[y,
0 ret —a
2 la|rsin(t — Arga) [ r?2—a|rcos(t — Arga)
= 5 5 dt +1 5 5
o 12+ al?> = 2|alrcos(t — Arga) o 12+ al?> = 2|alrcos(t — Arga)
Now,
2 la|rsin(t — Arga) 1 =2
= —log(r? 22 t—A
/0 r2 + |al]? — 2|a|r cos(t — Arga) 2 og(r” + al jafrcos( rg)) o
1 1
=3 log(r? + |a|* — 2|a|r cos(27 — Arga)) — 5 log(r? + |a|* — 2|a|r cos(0 — Arga))
1 1
=3 log(r? + |a|® — 2|a|r cos(Arga)) — 5 log(r® + |al* — 2|a|r cos(Arga))
=0

since r > |al. (Recall that @ is inside C. This is crucial in order for the logarithms to be
natural logarithms of positive real numbers.) However, it is rather tricky to compute

/27r r? — |a|r cos(t — Arga) df — /2”Arga r? — |a|r cost
o 2+ lal>—=2lalrcos(t — Arga) S ama 2+ |af> — 2|a|rcost
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One way of doing it is as follows. Observe that
/ —2|alr cost df — / r? + |a|* — 2|a|r cost 4 — / r? + |a)? it
r2 + |a|? — 2|a|r cost r2 + |al? — 2|a|r cost r2 + |a|? — 2|a|r cost
2 2
_/ldt—/ rtlal dt
r2 + |a]? — 2|a|r cost
t

B / r? + |a)? &t
r2 + |al? — 2|a|r cost

/ —|a|r cost ot 1 / r? + |al? d&t
72+ |a]2 — 2lalrcost 2 2 ) 72+ |a2 — 2|a|rcost

which in turn implies that

r? — |a|r cost r? t 1 r? + |a|?
dt = dt + - — - dt
r2 + |a|]? — 2|a|r cost r2 + |a]? — 2|a|r cost 2 2 ) r24lal? - 2|a|rcost

t 1 r? — |a|?
=_4— dt
2 2 ) r2+4la]? —2|a|rcost

Recall that cost = cos?(t/2) — sin®(¢/2) and 1 = cos?(t/2) + sin?(¢/2) so that
1 2 2
_/ r* — |al gt
2 ) r2+al? — 2|a|r cost

. 12— Jap N
2 ) r24al? — 2|a|r(cos?(t/2) — sin(t/2))

so that

1 r? —|af?
2 / (r2 4 |al?)(cos?(t/2) + sin®*(t/2)) — 2|a|r(cos?(t/2) — sin®(t/2))
_ 1/ r* = Jaf dt
=2 (T e = 2alr) cost(t/2) + (2 + [al? + 2Jalr) s (t/2)
_ 1/ r” — Jaf” dt
2 (r—la])?cos(t/2) + (r + |a])?sin®(t/2)
r? — |al? sec?(t/2)
=2l >
1+ (% tan(t/2)>
r+ |al sec?(t/2)
= ST 2t
1+ (:i—m tan(t/2)>
Make the substitution
r+1a el
0= tan(t/2) so that df = sec”(t/2) dt
r—|al 2(r — |al)
which implies
2(t/2 1
27" + |al / sec*(t/2) s dt = / T df = arctan = arctan <LM| tan(t/2)>.
(r—=lal)J 1 (:j_m tan(t/2)> + r— lal
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Hence,

? — t t
/ r_—|alr cos dt = 3 + arctan (T +lal tan(t/Z)) .

r?2 4 |al? — 2|a|r cost r— lal
However, if we want to compute the definite integral

™ 2 —alrcos(t — Arga) ar-Arga 2 gy cost
dt =
o T2+ ]al?>—2|a|rcos(t — Arga) _ 72+ |a|? — 2|a|r cost

Arga
we cannot just write

2n—Arga 2 t ¢ t=2r—Arga
/ 5 T 5 lafr cos dt = {— + arctan (LW tan(t/Q))} :
“Arga T2 a)* = 2|a|rcost 2 r— |al

t=— Arga

The reason for this is that the definite integral on the left in the previous expression is
actually improper. This can be seen by considering the expression on the right. The trouble
spot is when ¢ = m; that is, tan(7/2) is not defined, and so we cannot just compute the
integral over the range — Arga < t < 27 — Arga without considering what happens when
t = m. Since Arga € (—m, 7|, we can conclude that — Arga < m < 27 — Arga so that the
trouble spot is actually in the range of integration. That is,

/2”_Arga r? — |a|r cost
—Arga T2+ |a]? —2lalrcost

_ /7r r? — |a|r cost dt + /2”_Arg“ r? — |a|r cost
) awga 72+ |a]? — 2]alr cost . r2 + |a|? — 2|a|r cost

/" r? — |a|r cost . [FAEe 2 gl cost
= lim 5 5 dt + lim 5 5
0tr J_ arga 72+ |a]? — 2|alr cost olr Jy r2 + |a]? — 2|a|r cost
Now
y o r? — |a|r cost
im
01 | Arga 72+ |a]? — 2alr cost
" t=0
- %Tm {5 + arctan (T i Ia|’ tan(t/Q))]
T r—la t=— Arga
A A
= g + 1"2ga — arctan (:i_ ;Z} tan (—%)) + %iTrTl}arctan (:i_ :Z: tan(t/Q)) (%)
and
y am-Arge 2 gy cost
im
olr J, r2 + |a|? — 2|a|r cost

t=2w—Arga

t
= lim {— + arctan (LM tan(t/?))]
0lr | 2 r— lal =0

A A
= g — r2ga + arctan <T + |a| tan (7? — r2ga)) — %fn arctan (T i |a| tan(t/2)>

r— lal x r — |al
(%)
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so that adding (x) and (*x) and using the fact that tan(—6) = tan(r — ) implies

/%Arg“ r? — |a|r cost
_Arga T2+ |a]? —2|a|rcost

. (T+ |al
= 7 + lim arctan
otr r— lal

tan(t/?)) _ lim arctan (r +lal tan(t/2)>

oL r— |al

Since tan(t/2) — oo as t T 7 and since tan(t/2) — —oo as t | 7, we conclude

_ r+ |al 7r
1 t tan(t/2) | = =
im arctan (7" — an(t/ )) 5

and al
r+|a T
li t tan(t/2) | = —=
lim arctan (r - an(t/ )) 5

so that
/QW_Arg“ r? — |a|r cost &t N T N T,
=7+ -+ - =2m.
—Arga T2+ al* —2|alr cost 2 2

In summary, we have shown that

1 T et
/ dz = / : dt = 27
cZ—a o ret—a

if a is inside C' = {|z| = r}, the circle of radius r > 0 centred at 0 oriented counterclockwise.
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Mathematics 312 (Fall 2012) October 22, 2012
Prof. Michael Kozdron

Lecture #20: Applications of the Cauchy Integral Theorem
Last lecture we derived two results by direct calculation, namely

1
/—dz:2m'
CZ

where C' is the circle of radius » > 0 centred at 0 oriented counterclockwise and, more

generally,
1
/ dz = 2mi
crR—a

for any a € C with |a| < r. Note that the first result is a special case of the second result
(i.e., with @ = 0). Also note that the first result was relatively easy to derive whereas the
second result was not.

Example 20.1. Suppose that C, = {|z — a|] < r} denotes the circle of radius r > 0 centred
at a oriented counterclockwise. Compute

1
/ dz.
C. Z—Qa

1

Z—a

Solution. Since the function

f(z) =

is not analytic at a which happens to be inside C,, we must evaluate this contour integral
by definition. Let 2(t) = a+re®, 0 < ¢t < 2, parametrize C so that 2/(t) = ire. Therefore,

1 2 1 2 - it 27
/ dz:/ —z/(t)dt:/ #dt:/ idt = 2ri.
c, Z—a o 2(t)—a 0 a+ret—a 0

We have now determined by direct calculations that

1 1
e
crR—a CaZ—a

where (' is the circle of radius » > 0 centred at 0 oriented counterclockwise, C|, is the circle
of radius r > 0 centred at a oriented counterclockwise, and |a| < r. We will now show that

it is easy to determine
1
/ dz = 2m
crR—a

1
/ dz = 2m¢
Caz—a

which will render our horrendous calculation from Lecture #19 unnecessary. Consider Fig-
ure 20.1 below.

dz = 271

as a consequence of the fact that
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Py y Py

i 172 :
Ty Y a c ) I

plp

Figure 20.1: Continuous deformation of C' into C,,.

Here we have taken z; and z; to be the points of intersection of C, with the negative and
positive imaginary axes, respectively. The curve I'y connects z; to 2z, counterclockwise along
C, while the curve I'; connects 2z, with z; counterclockwise along C,. Note that

1 1 1
/ dz:/ dz—l—/ dz.
c, 2 —a r, 2 —a r, 2 — @

Let P, be the curve that connects C, to C' along the negative imaginary axis, and let Py
be the curve that connects C' to C, along the negative imaginary axis. Similarly, let P
be the curve that connects C' to C, along the positive imaginary axis, and let P; be the
curve that connects C, to C' along the positive imaginary axis. Finally, let v; be the curve
counterclockwise along C' connecting P; to P, and let 75 be the curve counterclockwise along
C connecting P3 to P;. Note that

1 1 1
/ dz:/ dz—l—/ dz.
czZ—a o Z—a 2

Now here is the key. The function

1

zZ—Q

f(z) =

is analytic everywhere in C except at a. Therefore, the Fundamental Theorem of Calculus
tells us that the value of the contour integral of f(z) over any curve going from z; to zs is
independent of the curve taken (as long as that curve does not pass through a). Now here
are two curves going from z; to zp, namely (i) 'y, and (ii) P @ 71 @& P». This means

1 1 1 1 1
/ dz:/ dz:/ dz+/ dz+/ dz.
r,~—a Ponepr, # @ p~—a m*—a pc—a
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Similarly,

1 1 1 1 1
/ dz:/ dz:/ dz+/ dz+/ dz.
ry #— @ PsoypPy # — @ P2 a T a p = a

Adding these together gives

1 1
/ dz—l—/ dz
r, 2 —a r, 2 — G
1 1 1 1 1 1
:/ dz+/ dz+/ dz+/ dz—l—/ dz+/ dz.
p Z—a P2 wZ—a 20 P2 — G p 22—

However, since P, and P, follow the same path but in different directions, we have

1 1
/ dz:—/ dz.
PIZ_G/ P4Z—a

Similarly, P, and Pj follow the same path but in the different directions so that

1 1
/ dz:—/ dz.
P2 P2 —a

1 1 1 1
/ dz+/ dz:/ dz+/ dz.
r,2—a r, 2 —a w2 a 2
1 1 1
/ dz+/ dz:/ dz
r,2—a r, 2 —a c, Z—a

This implies

But we know

and . . .
/ dz+/ dZ:/ dz
w2 yp 20 cZ—a
so that . .
/ dz:/ dz = 2mi
Cz—a CaZ—a
as desired.
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Mathematics 312 (Fall 2012) October 24, 2012
Prof. Michael Kozdron

Lecture #21: Applications of the Cauchy Integral Theorem

Last lecture we showed that if C is the circle of radius r > 0 centred at 0 oriented counter-
clockwise, C, is the circle of radius » > 0 centred at a oriented counterclockwise, and |a| < 7,

then | )
/ dz = / dz = 2mi. (%)
C Z—Qa C, Z—Qa

By constructing an appropriate picture, we were able to continuously deform C' to C, and
show that (%) held. Of course, the same construction holds for any contour C' oriented
counterclockwise surrounding the point a as shown in Figure 21.1 below.

Ty

Figure 21.1: Continuous deformation of C' into C,,.

This leads to the following fact.

Theorem 21.1. If C is a closed contour in the complex plane oriented counterclockwise and
a € C is in the interior of C', then
1
/ dz = 2mi.
cr—a

1
/ -dz
cZ+1

where C' = {|z| = 2} is the circle of radius 2 centred at 0 oriented counterclockwise.

Example 21.2. Compute

Solution. Since | —i| =1 < 2, we see that a = —i is inside C' so that

Example 21.3. Compute

1
/ -dz
c2z+1

where C' = {|z| = 2} is the circle of radius 2 centred at 0 oriented counterclockwise.
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Solution. Since the integrand is not of the form (z — a)~!, we cannot use the fact immedi-

ately. However,
1 1 1 1
/ ,dz:—/ — dz = = (2mi) = i
c2z+1 2 Joz+1/2 2

since a = —i/2 is inside of the circle of radius 2 centred at 0.

3z — 2
/ j dz
CZ — Z

where C' is the simple closed contour indicated in Figure 21.2 below.

Example 21.4. Compute

)

Figure 21.2: Figure for Example 21.4.
Solution. The trick is to use partial fractions on the integrand. That is,

3z—2  3z-2 A B

5 —

22—z 2z—-1 =z =z-1

if and only if
A(z—=1)+Bz=(A+B)z— A=32—-2.

This, of course, is true if and only if A =2 and B = 1. That is,
3z—2 2 1

22—z z z-1

and so

3z —2 2 1 1 1
/ j dz:/—dz+/ dz:2/—dz+/ dz = 2(2mi) + 2mi = 6.
c 4=z cz cz—1 cz cz—1

Example 21.5. Compute
/ 3z —2
5 dz
c RT—Z

where C' is the simple closed contour indicated in Figure 21.3 below.

Solution. Again we can write
3z —2 1 1
/ - dz:2/ —dz+/
c =z c? cz—1
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Figure 21.3: Figure for Example 21.5.

This time, however, (z — 1)~! is analytic inside C' since 1 is not inside C. The Cauchy
Integral Theorem, Basic Version tells us that

1
/ dz =0.
CZ—]_

3z —2 1 1
/ j dz:2/—dz—|—/ dz = 2(27i) + 0 = 4mi.
o 4=z cZ cz—1

Example 21.6. Compute
/ 1
dz
C 22 -1

where C' is the simple closed contour indicated in Figure 21.4 below.

.

-1

Therefore,

—®

Figure 21.4: Figure for Example 21.6.

Solution. Using partial fractions, we find
o 1 _1)2 1/2
2-1 (z=1(+1) z-1 z+1

Since z = 1 is not inside (', the Cauchy Integral Theorem, Basic Version tells us that

1
/ dz =
crR— 1
Therefore,

1 1 1 1 1 1
/2 dz:—/ dz——/ dz =0 — =(27mi) = —mi.
o221 2 oz -1 2 )Joz+1 2




