Math 111.01 Summer 2003
Assignment #6 Solutions

1.

Practice problems.

Solutions may be found in the back of the text, or in the Student Solutions Manual.

2.

Extra practice.

Solutions may be found in the back of the text, or in the Student Solutions Manual.
Section 5.3 #12 Answer: 20/3

Section 5.3 #14 Answer: 0

Section 5.3 #16 Answer: 7/10

Section 5.3 #18 Answer: 2

Section 5.3 #20 Answer: 86/7

Section 5.3 #22 Answer: 3/2 4 1n2

Section 5.3 #24 Answer: 2e® + 4sin5 — 2 ~ 290.99

Section 5.3 #26 Answer: 33/4

Section 5.3 #30 Answer: —1+2/3-1/3

3.

Problems to hand in.

Section 4.9

#6.

#10.

#12.

#20.

Since f(x) = Va2 — Va3 = 2%/3 — 23/2| the most general antiderivative is

5/3 5/2 5
Since f(x) = 3e® + Tsec? z, the most general antiderivative is
F(x) = 3e* + Ttanx + Cy, on the interval (nm — 5, nm + 7).

Notice that in this case, there are many different “pieces” in the antiderivative. Each
“piece” may have a different constant and these will all be different antiderivative functions.

Since f(x) = % =2+ 1+ 27}, the most general antiderivative is

1
F(x):§x2+x+lnx+(§'.

If f/(x) =4/v/1— 22 then,
f(z) =4arcsinz + C

1 o1 T
f(i) = 4arcsm(§) +C = 4(6) +C.
Since f(3) = 1, we have ) )
T T
idd -1 —1- ==
3 +C =C 3

— : 2
so f(z) =4arcsinx + 1 — 4.



#24.

#36.

#40.

f"(z) = 3e” +5sinz = f'(x) = 3e” —5cosx + C

and since f'(0) = 2,
3-54+C=2=C=14

Therefore, f'(x) = 3e” — 5cosx + 4. Next, we take another antiderivative.
f(x) =3e" —5sinx + 4z + D

Since f(0) =1,3+ D =1 = D = —2. This means that f(z) = 3e” — 5sinx + 4z — 2.

2
a(t) =v'(t) =5+ 4t — 2t* = v(t) = 5t + 2t* — §t3 1+ C.
2
v(0) = 5(0) 4 2(0)% — 5(03) +C=3=0C=3
so,

2 5o, 2,5 1
v(t) :s’(t):5t—|—2t3—§t3+3:>8(t) = §t2+§t3—6t4+3t+D

s(0)=04+0+0+0+D=10=D =10
Y o P _ 542,243 144
Therefore, the particle’s position after ¢ seconds is given by s(t) = 5t*+ 5t° — 5t* + 3t +10.
Consider first Example 7 from the text and see that the distance function for the first ball

can be written as s1(t) = —16t% + 48t 4 432. For the second ball, we find the equation for
the position function by antidifferentiation.

ax(t) = —32
= UQ(t) = 32t+C
So, wa(l) = —=32(1)+C =24
= cC = 56
va(t) = —32t+56
so(t) = —16t2 +56t+ D
So, s2(1) = —16(1)%+56(1)+ D = 432
= D = 392
so(t) = —16t2 + 56t + 392

When the balls pass each other, s1(t) = s2(t). We set these expressions equal and solve
for ¢ to find the time they are passing each other:

—16¢> + 48t + 432 = —16t> + 56t + 392 <= 8t =40 < t =5 seconds.

Section 5.1

#2.

See problem in text for graph of the function.

a. Find the area from x = 0 to z = 12 by splitting into 6 subintervals: each of the 6
subintervals has width 12/6 = 2.

(i) Using left endpoints: Lg = 2x9+2x8.754+2x8.254+2x7.3+2x6+2x4 = 86.6.



(ii) Using right endpoints: Rg = 2x8.75+2x8.25+2x7.3+2x6+2x4+2x1 = 70.6.
(iii) Using midpoints: Mg =2x8.9+2x85+2x7.84+2x6.74+2x5+2x2.9 ="T79.6.
b. Since f is decreasing, Lg is an overestimate.
c. Since f is decreasing, Rg is an underestimate.

d. The best estimate is given by Mg since, in this case, the area of each rectangle is
closer to the actual area than in the case of the overestimates and understimates in
(i) and (ii).

#12. The height of Endeavour 62 seconds after liftoff is given by:

Rg = v(10)(10 — 0) + v(15)(15 — 10) 4+ v(20)(20 — 15) + v(32)(32 — 20)
+ v(59)(59 — 32) + v(62)(62 — 59)
=185 x 10 +319 x5 +447 x 5+ 742 x 12+ 1325 x 27 + 1445 x 3
= 54694,

Le = v(0)(10 — 0) + v(10)(15 — 10) 4+ v(15)(20 — 15) + v(20)(32 — 20)
+0(32)(59 — 32) + v(59)(62 — 59)
=0 x 10+ 185 x 5+ 319 x 5 + 447 x 12 + 742 x 27 4 1325 x 3
— 31893.

Averaging the two estimates, we get 43 293.5 feet.

#14. We can use right endpoints (and get an overestimate, why?) or left endpoints (and get an
underestimate, why?). Let’s then use midpoints this time. Split the time interval into 6
equal pieces of 5 seconds, that is, 5/3600 hours.

Mg = 36500 X [0(2.5) + v(7.5) + v(12.5) + v(17.5) + v(22.5) + v(27.5)]
= 36500 % [31.25 + 66 + 88 + 103.5 + 113.75 + 119.25]
5
5600 (521.75) = 0.725 km

#16. The area under f(z) = h‘% from z = 3 to x = 10 is given by the formula

A= lim R, = nhlgo[f(m)Ax + f(x2)Az + - - + f(zn)Az]

n—oo
where Az = 710;37 and z; = 3+ %, for i =1,2,...,n. Therefore, we get
In(@3+7) 7 WmE+5 1 " (34 T
A= gim (2O T BAL) T A0 T, s TG )
n—00 3+ £ n 3+ 2 n 10 n n—00 4 3n+ 7

n n =1



Section 5.2

3

#6. a. Using the right endpoints to approximate / g(x) dx, we have
-3

6
> g(as) Az = 1[g(=2) + g(=1) + 9(0) + g(1) + 9(2) + 9(3)]
=1
~1-05-15-15-05425=—0.5.

3
b. Using the left endpoints to approximate / g(z) dz, we have

-3
6 5
D g(mic) Az = gla:) Ax = 1[g(=3) + g(~2) + g(—1) + g(0) + g(1) + g(2)]
=1 =0
~24+1-05—-15-15—-05=—1.
3
c. Using the midpoints of each subinterval to approximate / g(z) dz, we have
-3

ig(mi) Az = 26:9 (xz””—l) Az

=1 =1
= 1[g(—2.5) + g(—=1.5) + g(—0.5) + g(0.5) + g(1.5) + g(2.5)]
~154+40—-1—-175—-140.5=—1.75.

#18. On [1,5],

DL et 5 e
li E Ax = dx.

=1

#24. Letting Az = 5/n and x; = 5i/n, we have

5 n - 3 n .3
5i 5 5 125i

3 _ . _ .

/O (1+ 2% )dx_nlggogl <1+2(n> ) <n> = lim (n) ;1 (1+2. ~ )

, 5 125 ¢ 5 , 5 125 (n + 1)?
—nh_>n;o<n> <1-n+2-n3'zlz ) —nlingo<n> (1‘n+2.n3n2
1=

1 2
lim (5 + 312.5 (1 + ) ) =5+ 312.5=317.5
n—oo n

3
#36. / |3z —5| dx can be interpreted as the area under the graph of the function f(x) = |3x—5|
0

between x = 0 and x = 3. This is equal to the area of the two triangles, so

3 15 1 5 41
3z —5ldr==---5+--(3-2).4=—.
| 130 =5l de 3 +2< 3> 6



4 1 3 4
#42. By rule 5 on page 365, / f(t) dt = / f(t) dt +/ f(t) dt — / f(t) dt. Thus,
0 0 1 3

3 4 4 1
/1 £(t) dt = /0 £(t) dt - /3 £(t) dt - /0 F(t) dt = (~6) — (1) — (2) = 9.

#46. Since m < f(z) < M for all x, by property 8 on page 366, we have

2
2m §/ f(z) de < 2M.
0

Section 5.3

#6. The slope of the trail is the rate of change of the elevation E, so f(z) = E'(x). By the
Total Change Theorem, / f(z) do = / E'(z) dv = E(5) — E(3) is the change in the

elevation E between z = 3 miles and = 5 miles from the start of the trail.

#10. Since —z~! is an antiderivative of 272, by the Evaluation Theorem we have
2 2 1
/1 e dr =2 = (-27) - (1) = 5.

#28. Since e” is an antiderivative of e”, by the Evaluation Theorem we have

In6
/ 8e” dxr = 8e*
In3

1

In6
=86 _gelm3 — 48 — 24 = 24.
In3

#32. Since arcsinz = sin” " x is an antiderivative of ﬁ, by the Evaluation Theorem we have

05 dy 0.5 7r ™
1 1 1
————==sin" 7| =sin" 05—sin"T 0=—-—-0=—.
o V1-—2z2 ‘ 6 6
, ifa >0, .
#34. Since the absolute value of a is defined by |a| = @ _? - 0 we must determine
—a, 11 a <0,

where x — 2?2 is both positive and negative. Since z — 2% = x(1 — x), we see that if z > 1
it is negative, if x < 0 it is also negative, and if 0 < x < 1 it is positive. We now apply
property 5 (page 365) of definite integrals in order to handle the absolute value, splitting
up at the places where z — 22 changes from positive to negative. Hence,

2 0 1 2
/ |:E:C2|dx:/ |33x2|dx+/ \xz2|daj+/ |z — 22| dx
-1 ~1 0 1

_/_01_(;5—1'2)dx+/01(:c—x2)d:p—i—/lQ—(x—mz)dx.



1 1
12 1.3

Si =
ince 5 3%

is an antiderivative of z — 22, by the Evaluation Theorem we have

/01(93—:52)da:+/01—(x—332)dz+/12(a:—x2)da:

L, 13‘2
+<2x 3x>1

1 0 1
_ — 71;2_11'3 ‘ + 1$2—1.'E3 ‘
2 3 -1 2 3 0
7 3
=—+-=-—2
3+2
1
=5

#52. As on page 375, the displacement is given by

/6 (t) dt /6t2 ot —8dt = b5 — 2 — gt (6 L6v _62_3.6 Lis _p2
v = — — = — — — = — — — . j— — —
1 1 3 1 3 3

:(72—36—48)—@—1—8)

10
3

Thus the displacement during the time interval [1, 6] was —10/3 m.

As on page 375, the total distance travelled is given by / lv(t)| dt = / |t

1
As in problem #34, we need to consider the cases where this is positive and where this is
2t —8 = (t—4)(t+2), we see that for 1 <t <4, % —

negative. Since t? —

while for 4 <t < 6, t?> — 2t — 8 is positive. Thus,

6 4 6
/]t2—2t—8]dt—/ —(t2—2t—8)dt—|—/ t2 — 2t — 8 dt
1 1 4
6

6
— 2t — 8] dt.

2t — 8 is negative,

Therefore, the total distance travelled during the time interval [1,6] was 98/3 m.

Section 5.4

#6. The function g(x) represents the area in the ¢, y-plane under the curve y = 2 + cos(t),

above the t-axis, between the vertical lines t = 7w and t = x.

(Note that x is used for

something else here, other than the usual dependent variable in cartesian coordinates.)

a. By FTC 1, g(z) =
b. By FTC 2, g(z) =

24+ cosz.

JF(2+ cost) dt, so ¢'(z) =
JE(2+ cost) dt =

fz) =
(2t + sint) ‘

(2 + cosz).

= 2z + sinx — 27. Thus, ¢'(z) =

_8.1>



#12.

#14.

#18.

#24.

Let v = 2. Then % = 2z, and % = %Z—;, by the Chain Rule. So

dh-_ dw \/1+r3dr—/ \/1+r3dr — =V 1+u3(2x) = 22V/1 + 5.

dx

Similarly to #12, let u = ¢®. Then & =" and Zz zz, by the Chain Rule. So
dy d 0 .. 3 d 0 du
- = — t) dt = dt - —
de  dz [, sin”(¢) du /u sin®(£) dx
__4 /u sin3(t) dt du __ sin®(u)(e®) = —e” sin®(e®)
 du Jy de N '
For the curve to be concave up, we need y” > 0. y(x) = fox 1+t+t2 dt. So, by FTC 1,
y'(z) = m, and v (z) = —%. For y"(z) to be positive, we need —(1 + 2z) to

be positive (since the denominator is positive for all x). this occurs only when z < —1/2.
Thus, y(z) is convcave upward on (—oo, —1/2).

aIfw<Otheng():fOzf(t Jo 0 dt = 0. If0<x<1theng():

X
I £ dt—fotdt:(%ﬂ)‘o:%? If 1 < z < 2, then g(z) = [; f(t) dt +
j; ﬁ—g 4412—tﬁ:% (%—%%‘—2x—y¢—LHm>2J%n

ZJb = [Zft)dt+ [T f 2) + [T0 dt = g(2) = 1. Therefore,
07 1fl’<0,
sa?, ifo<z<I,
g(z) = Lo .
2 — 52 —1, ifl<x<2,
1, if o> 2.

b. The graphs of f and g are shown below.

0.8-
0.6-

f(x)
0.4-

0.2-




0.8-
0.6-
9(x)
0.4

0.2-

-+ o 1 2 3

c. f is not differentiable at its corners, namely at © =0, x = 1, and & = 2. f is differ-
entiable on (—o0,0) U (0,1) U (1,2) U (2,00). However, g is differentiable everywhere;
you just need to check ¢'(z) at = 0, 1, 2. Notice that this is merely the same thing
as checking the continuity of f at =0, x = 1, and x = 2. f is continuous at all of
those points, so g is differentiable there.



