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Abstract

A number of two-dimensional physical systems studied in statistical mechanics are
well-described by a lattice model. These models are frequently conjectured to possess
conformally invariant scaling limits which may be used to make exact predictions for
certain critical exponents describing the qualitative behaviour of the given system.

In this dissertation, we prove simple random walk excursion measure converges
in the scaling limit to Brownian excursion measure on all bounded, simply connected
domains in the complex plane with Jordan boundary. This result is exclusively
two-dimensional as the Riemann mapping theorem and the conformal invariance of
Brownian motion play a vital role.

We carefully construct Brownian excursion measure and prove it is, in fact, a
conformal invariant. We also prove several Green’s function estimates and establish
a relationship between the continuous and discrete excursion Poisson kernels.

Using these estimates, we prove the convergence of the corresponding excursion
measures in the Prohorov metric. This result enables us to prove a conjecture made
by S. Fomin in 2001 concerning a relationship between the scaling limit of the hitting
matrix determinant for simple random walk and a certain functional of loop-erased

random walk.
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Chapter 1

Introduction

A very general goal in statistical physics is to understand the behaviour of a system
at criticality; that is, at or near the temperature at which there is a phase transi-
tion. In a number of instances the physical system is well-described by a discrete,
or lattice, model, and many two-dimensional lattice models are conjectured to have
a conformally invariant scaling limit. By assuming conformal invariance, it is often
possible to give exact predictions for certain exponents which describe the qualitative
behaviour of the systems. The most basic example is that of simple random walk on
72 which, appropriately normalized, converges to complex Brownian motion, a con-
formally invariant scaling limit. Other examples include loop-erased random walk,
domino tilings, uniform spanning trees, percolation, and the Ising and Potts mod-
els. The self-avoiding walk, a model of polymer chains introduced by the chemist
P. Flory [16] in the 1940’s, is a model where minimal rigorous progress has been
made, and is one of the motivations for much of this entire program of study; see
also [59]. For an account of recent mathematical progress on these models see [55].
The purpose of this dissertation is to prove that simple random walk excursion
measure converges in the scaling limit to Brownian excursion measure, a conformal

invariant, on all bounded, simply connected domains D C C with Jordan boundary.
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P. Lévy first proved that Brownian motion until its exit from a domain is con-
formally invariant. If f: D — D’ is a conformal transformation, B; is a Brownian
motion started at x € D, stopped at 7p, its exit time from D, then f(B;) is a
(time-changed) Brownian motion started at f(z) € D', stopped at 7p/; see [5]. The
convergence of simple random walk to Brownian motion is made precise by Donsker’s
invariance principle, and is stated in terms of weak convergence of probability mea-
sures. Let S; be a simple random walk and define the continuous time process Y; by
linear interpolation. If Xt(n) = n~Y2Y,, for each n and P, is the measure induced
by X™ on (C[0,00), B(C[0,00)), then P, converges weakly to Wiener measure W,
the measure under which B;(w) := w(t) on C[0, 00) is a Brownian motion; see [23].

Our approach is similar; we prove simple random walk excursion measure con-
verges weakly to Brownian excursion measure, although some care needs to be shown
as these measures are, in general, not probabilities. Let D C C be a simply connected,
bounded domain with Jordan boundary. If z, w € 9D, then a curve v : [0,7] — C,
0 < T < oo, is called an excursion from z to w in D if v(0) = z, y(T) = w, and
v(0,7) € D. We call the measure pgp .. on such curves excursion measure. Let
Dy = +Z?N D and suppose that z, y € dDy. If S; is a simple random walk on 7>
with Sy = x, S, =y, and [S1,...,5.1] C Dy, then S; is called a simple random
walk excursion from x to y in Dy. Write Qy for the space of all simple random
walk excursions from = to y in Dy. Let vgp, o+, be simple random walk excursion
measure which assigns weight 471“! to each w € Qy. Suppose that I', T C 9D are
open boundary arcs with TN'Y = (), and T'y, Tn C 0Dy are the corresponding

discrete boundary arcs. In Theorem 5.5.1, we prove that

S 3 vanas = [ [ domas ldol o] weakdy
rJr

zel'y yeT N
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Brief history of Brownian excursions

One-dimensional Brownian motion excursions were formally introduced by K. 1t6 in
1971, though they had been understood as early as 1948 by Lévy. Suppose that B; is
Brownian motion in R, and partition the path into (random) components consisting
of the zero set Z(w) = {t : By(w) = 0} and the “excursions away from 0.” It6 noted
that if Z is parameterized by the local time of B, then these excursions away from 0
can be viewed as points in a Poisson process. Furthermore, the characteristic measure
of this Poisson process describes many interesting features of the original Brownian
motion. As indicated in [45], this Poisson-point-process view of one-dimensional
Brownian excursions has successfully been exploited by a number of researchers. In
general, suppose that X; is a Markov process in R and b is in the state space of X
so that we can now consider {t : X;(w) = b} and the excursions away from b. A
reasonably complete treatment in this case may be found in [10].

In contrast, the theory of multi-dimensional Brownian excursions is much more
incomplete, and they were basically neglected until 1984. K. Burdzy [12] introduces
excursion laws in a domain from a distinguished boundary point. His motivation was
to study the properties of the initial part of the excursion, and he restricted attention
primarily to Lipschitz domains since he could give local properties of excursions in

explicit form only for these particular regions.

Excursions in a domain between fixed boundary points

The point of view of two-dimensional Brownian excursions in an arbitrary simply con-
nected domain in C taken in this dissertation was introduced in 2000 by G. Lawler
and W. Werner [39] while studying Brownian intersection exponents. For their pur-

poses, an excursion in a simply connected domain D C C was a complex Brownian

motion By, 0 <t < T, with By € 9D, Br € 0D, and B(0,7) C D. However, they
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only considered domains D with smooth boundary such as the unit disk D or the
upper half plane H (allowing 7" = 00). Excursion measure in these cases was shown to
be conformally invariant using the topology generated by (4.1). In Theorem 4.5.16,
this fact is proved in a more general topology. Also in [39, §5.1], two-dimensional
discrete excursion measure was defined as a measure on random walk paths. When
the boundary of the domain D C C is smooth, it was conjectured that this dis-
crete excursion measure converged to the Brownian excursion measure. They also
discovered that certain critical exponents could be computed exactly from Brownian
excursions in a rectangle. It had been previously proved [28, Chapter 5| that the
intersection exponents for simple random walk could be given in terms of the inter-
section exponents for Brownian motion. This yielded, roughly, that critical exponents
are conformally invariant. Using the Schramm-Loewner evolution (SLE,) introduced
by O. Schramm, these exponents can now be calculated exactly. (See [35, 36, 37] for
the original proofs and [34] for a survey of those results. A well-written popular
science overview is found in [42].) Most recently, excursion measure has been used by
B. Virdg in his work on Brownian beads [54] to show the pieces of the Brownian path
between cut points form a Poisson process, and by Lawler and Werner in connection

with the Brownian loop soup [40].

Fomin’s identity

In 2001, S. Fomin [18] proved an identity relating loop-erased random walk proba-
bilities to determinants of matrices of hitting measures. He showed under certain
conditions that the probability a first random walk starting at z! exits a domain
at y', and a second random walk starting at 2% exits the domain at y? and avoids
the loop-erasure of the first path, is given by the determinant of the hitting matrix.

Actually, he proved this identity in general for the loop-erasure of discrete stationary
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Markov chains, and conjectured that it held for continuous processes as well, provided
that the model was discretized and appropriate limits taken.

The correct limiting process of simple random walk between distinct boundary
points to consider is the conformally invariant Brownian excursion. Thus, we are
able to establish this conjecture using our results that the mass of discrete excursion
measure, the hitting measure of the boundary, converges to the mass of the Brownian
excursion measure, the excursion Poisson kernel. Theorem 6.4.2 is the culmination

of these efforts.

A word on notation

The results in this dissertation are exclusively two-dimensional, and unless otherwise
explicitly noted, assume that we are working in C. As mentioned in the introduction
to Chapter 2, we will denote points in the complex plane by any of w, x, y, z.
Following [44], write := to mean “is defined to equal.” Typographical necessity
dictates that we write cl(D) for the closure of D; that is, cl(D) = D := D UdD.

As noted, we answer questions of convergence of processes in the scaling limit.
The careful formulation of this, as in Donsker’s invariance principle, is in terms of
convergence of measures on paths. The natural metric for doing such is the Prohorov
metric p. Hence, whenever we say that measures converge, it will be with respect to
©. Recall that the Prohorov topology is also called the topology of weak convergence,
and under certain conditions, convergence in p is equivalent to weak convergence; that
is, p(ftn, p) — 0 if and only if u,, = p weakly. This is explained in greatly expanded
detail in Section 4.2.1. Especially note the important remark on page 67.

Furthermore, we will be considering a number of “boundary-to-boundary” quan-
tities that are analogues of well-known “interior-to-boundary” ones. We will write

subscripts D for interior-to-boundary and 0D for boundary-to-boundary. For exam-
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ple,if x € D, y € 0D, then the Poisson kernel Hp(z,y) and Wiener measure pp(z,y)
are interior-to-boundary quantities. If z, y € 0D, the boundary-to-boundary ana-

logues are the excursion Poisson kernel Hyp(x,y) and excursion measure pgp(z,y).

Summary of contents

A brief outline of the content of each chapter is as follows. Note that each chapter
itself begins with a summary of that chapter’s material. In Chapter 2, the necessary
background material is reviewed including the required complex analysis. We also
discuss some of the potential theory pertinent for the analysis of Brownian motion
and random walk. Our main references for this material are [5] and [14]. In Chapter 3,
we establish a number of Green’s function estimates that will be essential for proving
the convergence of discrete excursion measure. Chapter 4 is devoted to a careful
study of Brownian excursion measure. We rigorously construct excursion measure,
which requires the development of the topology associated with the metric space
of curves on which this measure is concentrated. In Chapter 5, we prove the main
theorem that discrete excursion measure in the plane converges in the scaling limit to
Brownian excursion measure. Finally, in Chapter 6, we review Fomin’s identity, and
demonstrate its relationship with excursion measure. We discuss briefly loop-erased
random walk, and recall some of the history of this process. Theorem 6.4.2 then

resolves the conjecture made in [18].



Chapter 2

Background and Preliminary Results

The purpose of this chapter is to review some basic material that will be needed
in subsequent chapters and to standardize our notation. Almost all of the complex
analysis is well-known, and may be found in a variety of sources; references are
supplied throughout. We prove several elementary results, but often refer the reader
to the literature for details. The material on the excursion Poisson kernel is not
difficult, and these results may be known, but they are not widespread.

The only Euclidean dimension that will concern us is d = 2; consequently we will
associate C = R? in the natural way. Points in the complex plane will be denoted by
any of w, x, y, or z. Although this is a departure from the traditional z = x + 1y,
it should cause no difficulty. If z € C, denote by Re(r) and Im(z) the real and
imaginary parts of x, respectively, so that © = (Re(z), Im(z)) = Re(z) + ilm(x). If a
real parameter is needed, it will usually be denoted by either ¢ or n, lending to an
interpretation as time. A domain D C C is an open and connected set. It is implicit
that D is larger than a single point; therefore, if D is a domain and 0 € D, then
there exists some r > 0 such that {|z| <r} C D.

Throughout, By, t > 0, will denote a standard complex Brownian motion, and

Sn, n = 0,1,..., will denote two-dimensional simple random walk, both started
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at the origin. We write B[0,t] := {z# € C : B; = z for some 0 < s < t}, and
S10,n] = [So, S1,..., S, for the set of lattice points visited by the random walk.
We will generally use T' for stopping times for Brownian motion, and 7 for stopping

times for random walk.
2.1 Simply connected subsets of C and Z?

We write D := {2z € C : |z|] < 1} to denote the open unit disk. Recall that a
complex-valued function f of a complex variable is analytic at zy € C if it is complex-
differentiable at every point in some neighbourhood of z5. We remark that there is no
agreement in the literature over the following definitions; our presentation follows [14].
A single-valued function f is univalent in a domain D C C if it is one-to-one in D;
that is, if f(z1) # f(z2) whenever z;, zo € D with z; # z;. (For an analytic
function f, f'(29) # 0 if and only if f is locally univalent at z;. However, we will
not be concerned with local univalence.) An analytic, univalent function is called a
conformal mapping. We write § to denote the set of functions f which are analytic
and univalent in D satisfying the normalizing conditions f(0) = 0 and f’(0) = 1. In
particular, we say that f: D — D’ is a conformal transformation if f is a conformal
mapping that is onto D’. It follows that f’(z) # 0 for 2 € D, and f~! : D' — D is
also a conformal transformation.

The most important result from complex analysis that we will use is the Riemann

mapping theorem. For details of the following two theorems, consult [14, §1.5].

Theorem 2.1.1 (Riemann Mapping Theorem). Suppose D is a simply connected

proper subset of C and zo € D. Then there exists a unique conformal transformation

fp of D onto D satisfying fp(z0) =0, fp(20) > 0.
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It will be important that we can extend the Riemann mapping theorem to the

boundary; the following result due to Carathéodory will suffice.

Theorem 2.1.2 (Carathéodory Extension Theorem). If D is a domain bounded
by a Jordan curve 0D, and fp: D — D is a conformal transformation, then fp can

be extended to a homeomorphism of D = D U D onto the closed disk D.

We also recall some of the most important elementary results from the study of
univalent functions including the Koebe one-quarter theorem, and the Koebe growth

and distortion theorem. Proofs may be found in [14, Theorems 2.3, 2.4, 2.5, 2.6]

Theorem 2.1.3 (Koebe One-Quarter Theorem). If f is a conformal mapping
of the unit disk with f(0) = 0, then the image of f contains the open disk of radius
|f'(0)|/4 about the origin.

Theorem 2.1.4 (Koebe Growth and Distortion Theorem). If f € § and z € D,

then
) AP | Ml g
Flo) TP S TR e = TP S T
Ll < LEE
Ay == T

If D ¢ C with 0 € D, then we define the radius (with respect to the origin) of D
to be rad(D) := sup{|z| : z € 9D}, and the inradius (with respect to the origin) of
D to be inrad(D) := dist(0,0D) := inf{|z| : 2 € dD}. The diameter of D is given
by diam(D) := sup{|z — y| : z,y € D}. If D C C, then we say that 0D is nice if
0D is a Jordan curve and is piecewise analytic. That is, the Jordan curve 0D can
be expressed as a finite union of analytic curves. For each r > 0, let D" be the set of

simply connected, bounded domains in C containing the origin of inradius r with nice
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boundary. We then write D := |J,.,D" for the set of bounded, simply connected

r>0

domains in C with piecewise analytic boundary containing the origin. We also define

D* := {domains D C C: 0 € D; D simply connected and bounded; 9D Jordan},

and note that D € D C D*. If D, D’ € D*, let 7(D, D’) be the set of all f: D — D’
that are conformal transformations of D onto D'. If D € D" and D' € D", then
by the Riemann mapping theorem (Theorem 2.1.1), there exists a unique conformal
transformation f : D — D" with f(0) = 0, f/(0) > 0. Thus, 7 (D, D") # (. By the
Carathéodory extension theorem (Theorem 2.1.2), since 0D, 0D’ are Jordan, for any
f € T(D,D') there exists an extension of f to a homeomorphism of D onto D’. We
will use this fact repeatedly throughout, without explicit mention of it.

A subset A C Z2? is connected if every two points in A can be connected by a
nearest neighbour path staying in A. We say that a finite subset A is simply connected
if both A and Z? \ A are connected. There are three reasonable ways to define the

“boundary” of A.
o (outer) boundary: 0A:={y € Z?*\ A:|y—z|=1 for some z € A}
o inner boundary: O;A:=0(Z*\A)={r € A:|y—z|=1 for some y € Z*\ A}
o cdge boundary: 0.A :={(z,y):x € A,y e Z*\ A, |[r —y| =1}

To each finite A C Z2 we associate a domain A C C in the following way. For
each edge (z,y) € 0.A, considered as a line segment of length one, let £, , be the
perpendicular line segment of length one intersecting (z,y) in the midpoint. Let DA

denote the union of the line segments ¢, ,, and let A denote the bounded open subset
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of C bounded by dA containing A. Observe that

AUV0A =S, where S, =+ ([-1/2,1/2] x [~1/2,1/2]). (2.1)
zeA
That is, S, is the closed square of side length one centred at x whose sides are parallel
to the coordinate axes. Also, note that A is a simply connected domain if and only
if A is a simply connected subset of Z2. We will frequently refer A as the “union of
squares” domain associated to A.

Let A denote the set of all finite simply connected subsets of Z? containing the
origin. If A € A, let inrad(A) := min{|z| : z € Z? \ A} and rad(A) := max{|z|: z €
A} denote the inradius and radius (with respect to the origin), respectively, of A,
and define A" to be the set of A € A with n < inrad(A) < 2n; thus A = (J,5¢ A"
Note that if A € A and 0 # = € 0;A, then the connected component of A\ {z}
containing the origin is simply connected. (This is not true if we do not assume
xr € 0;A.) Similarly, by induction, if A € A, 0 # x; € 0;A, and [x1,22,...,7;] is a
nearest neighbour path in A\ {0}, then the connected component of A\ {z1,...,z;}
containing the origin is simply connected.

Finally, if A € A with associated domain A C C, then we write f4 := f ; for the

conformal transformation of A onto the unit disk I with f4(0) = 0, f4(0) > 0.

2.2 Green’s functions on C

For z, y € D, let gp(x,y) denote the standard Green’s function in the unit disk (for

Brownian motion) given by

go(z,y) == log [7z — 1| —log |y — x| . (2.2)
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This is not the usual form of the Green’s function as found in, for example, [17].
However, they are trivially shown to be equal. Note that gp(0,2) = gp(z) = —log |z|,
and gp(z,y) = gn(y, z). An equivalent formulation of the Green’s function for D can
be given in terms of Brownian motion. Suppose B; is a standard Brownian motion
in C. If x € D, we can define gp(x,-) as the unique harmonic function on D \ {z},

vanishing on 9D (in the sense that gp(z,y) — 0 as y — 9D), with

gp(w,y) = —loglr —y[+ O(1) as |z —y[ = 0. (2.3)

From this description we have that gp(z,y) = E*[log|Br, —y|] —log |z —y| for distinct

points z, y € D where T := inf{t : B; € D}. In particular, if 0 € D, then

gp(z) = E*[log |Br,|] — log|z| for z € D. (2.4)

Additional details may be found in [32, Chapter 2].
Suppose that D is a simply connected proper subset of C with zyg € D. If fp €
7 (D,D) with fp(z9) =0, fp(z0) > 0, then the Green’s function for D is given by

gp(z,w) = gn(fp(2), fp(w)) for z,w € D. (2.5)

Proposition 2.2.1 (Conformal Invariance of the Green’s Function). Suppose

that D, D" € D*, and let f € T(D,D"). If z, y € D, then gp(x,y) = gp(f(x), f(y)).

On the other hand, suppose D C C is a simply connected domain and gp(z,w)
is known. If —fp denotes the harmonic conjugate of gp and zg € D, then fp(z) =
exp{—gp(z, 20) + 10p(z, 29)} is a conformal mapping of D onto D with fp(z9) = 0.

In fact, it can be shown that 6p has period 27 as z winds around zy so that fp is
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single-valued. In particular, if 0 € D and we write gp(z) := gp(z,0) = gp(0, z), then

fp(2) = exp{—gp(2) +i0p(2)} (2.6)

is the unique conformal transformation of D onto D with fp(0) = 0, f5(0) > 0. In
other words, determining the Green’s function for a simply connected, proper subset
of C is equivalent to finding the Riemann mapping function of that domain onto the
unit disk. For more details, see [14, §1.8] and the references therein.

If AC Z? with A € A, and if we let ga(x,y) := g4(z,y) be the Green’s function

(for Brownian motion) in A, then by (2.5) we have that

B . b Fa(y) falz) — 1
ga(z,y) = go(fa(x), faly)) = log ) — fa@) | (2.7)

Furthermore, let g4(z) := ¢ga(0,x) and 64 := 65, so that by (2.6),
fa(z) = exp{—ga(x) +i0(x)}. (2.8)

We conclude by defining what it means for two boundary arcs to be separated. Note

that separation is always defined in terms of distance in the unit circle.

Definition 2.2.2. Suppose that A € A and D € D*. Let I'1, T; C 0;A with
T'NY, =0, and let 'y, Ty C 0D with I'; N Ty = 0. The separation of I'; and Y,

i = 1,2, written sep(I';, T;), is defined to be

sep(I', T;) := inf{|0;(x) — 6;(y)| : x € [,y € 1;}, (2.9)

where 0; = 64 and 0y = 0p. The spread of I'; and Yy, i = 1,2, written spr(I';, T;), is
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defined to be
spr(l;, T;) :=sup{|0;(x) — 0;(y)| - x € s,y € T4} (2.10)

Remark. If Ty, T C OA instead, then (2.9) and (2.10) hold with 64 as in (2.19).

2.3 Green’s functions on Z2

Suppose that S, is a simple random walk on Z? and A C Z%. If 74 := min{j > 0 :

S; & A}, then following [28, page 34] we let

TaA—1 fe’e)
GA(x7y> = ]EI[Z ]l{Sj:y}] - ZP:B{S] =Y,Ta > j} (211>
=0 =0
denote the Green’s function for random walk on A. Set Gu(z) = Ga(x,0) =

GA(0,x). In analogy with the Brownian motion case, it follows from [28, Propo-
sition 1.6.3] that

Ga(x) =E%[a(S;,)] —a(x) for x € A (2.12)

where a is the potential kernel for simple random walk defined by

m

a(x) := nlbllnmz (P{S; =0} — P*{S; =0}).

=0
It is also known [28, Theorem 1.6.2] that as |z| — oo,

2
a(xr) = - log |z| + ko + 0(|m|_3/2) (2.13)

where &y := (2¢ +31In2)/7 and ¢ is Euler’s constant.
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The error above will suffice for our purposes, even though stronger results are
known. The asymptotic expansion of a(x) given in [21] shows that the best-possible

error is O(]z|72). See also [50, 51, 52].

2.4 Consequences of the Koebe theorems

From the Koebe one-quarter theorem (Theorem 2.1.3), and the Koebe growth and

distortion theorem (Theorem 2.1.4), a number of consequences may be deduced.

Corollary 2.4.1. For each 0 < r < 1 there is a constant ¢, such that if f € § and

|| <7, then |f(2) — 2] < 2|2

Proof. 1f we combine the first estimate in Theorem 2.1.4 with the estimate of |f'(z)]
in the third statement of that theorem, then we can obtain a uniform bound on

|f"(z)] over all f € 8 and |z| < r. -
Recall that f4 € T(A, D) is the unique map with f4(0) = 0, f4(0) > 0.

Corollary 2.4.2. If A € A", then —log f/,(0) = logn + O(1).

Proof. By definition, since A € A", we have that n < inrad(A) < 2n. If we let F :=
fi', then Fy : D — A and F4(0) = 0. Thus, we can apply the Koebe one-quarter

theorem (Theorem 2.1.3) to conclude that n < |F(0)|/4 < 2n, or equivalently, 4n <

[F27(0)] < 8n. As [[f3'](0)] = 1/]£4(0)| taking logs yields log4 < —log|f}(0)] —
logn < log8 so that —log|f%(0)| = logn + O(1). To conclude, note f4(0) >0. O

Along with Corollary 2.4.1, the growth and distortion theorem yields the following.

Corollary 2.4.3. If A€ A" and |z| < n/16, then fa(x) = xf4(0) + |z|?O(n~?).
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Proof. For z € D, let Fu(z) := fa(nz)/(nf%(0)). Then F4 € §, so Corollary 2.4.1
with 7 = 1/16 gives |Fa(z) — z| < C|z|?. Thus, if z = z/n, |fa(z) — xf4(0)] <

Cf4(0)|z[*>n~t. By the previous corollary, f(0) = O(n™'), so the result follows. [J
In particular, we have an estimate for g4 (z).

Corollary 2.4.4. If A€ A" and |x| < n/16, then
ga(z) +loglz| = —log f4(0) + [[O(n). (2.14)

Proof. From the proof of Corollary 2.4.3 we have |fa(z)| = |z|f4(0)[1 + |z|O(n™1)].
Noting that |fa(x)| = exp{—ga(x)}, taking logarithms, and a simple estimate yield

the result. n

We remark that this corollary implies lim|; (g4 (x)+log |z|) = —log f/;(0) which

gives an explicit expression for the error term in (2.3).

2.5 Beurling estimates and related results

Throughout this section, suppose that A € A" with associated “union of squares”
domain A C C. Suppose that B, is a Brownian motion in C, and Ty = T :=inf{t:
B, ¢ A}. From the Beurling projection theorem [5, Theorem (V.4.1)] the following

theorem may be derived, whose proof can be found in [32].

Theorem 2.5.1. There is a constant ¢ < oo such that if v : [0,1] — C is a curve

with v(0) =0, |y(1)| =1, v(0,1) € D, and z € D, then

P*{B[0, Tp) N [0, 1] = 0} < ¢ |z|"/>. (2.15)
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Several useful corollaries may then be concluded. While both the above theorem
and the following corollaries may be termed “Beurling estimates,” it is Corollary 2.5.3

that will be the most important for our purposes.

Corollary 2.5.2. There is a constant ¢ < 0o such that if v : [a,b] — C is a curve

with |y(a)| =7, |y(b)] =R, 0 <r < R < o0, y(a,b) C D :={z € C:|z| < R}, and

|x| <, then

P*{B[0, Tp,] N 7[a,b] = 0} < ¢ (r/R)"/>. (2.16)
Proof. By Brownian scaling we can assume R = 1. Then (2.16) follows almost
immediately from (2.15). O

Corollary 2.5.3 (Beurling Estimate). There is a constant ¢ < oo such that if

x € A, then for all r > 0,

P*{| By, — | > r dist(z,0A)} < cr 2 (2.17)

Proof. Without loss of generality, we may assume by Brownian scaling that z = 0
and inrad(A) =: d € [1/2,1]. If rad(A) < r, then this estimate is trivial. If not, then
there is a curve in A from the circle of radius d to the circle of radius r, and (2.17)

follows from the Beurling estimate (2.16). O

In particular, if |x| > n/2, the probability starting at = of reaching (n/2)D before
leaving A is bounded above by ¢n~'/2 dist(z, A)"/2. From the Koebe one-quarter

theorem (Theorem 2.1.3) it easily follows that g4(z) < ¢ for |x| > n/4; hence we get

ga(z) < en V2 dist(z,0A)2,  Aec A", |z| >n/4 (2.18)
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Recall from (2.8) that fa(z) = exp{—ga(z)+if4(z)} for z € A. Hence, if z € ;A,
then ga(x) < en™Y/2) so that fa(x) = exp{ifa(z)} + O(n~'/2). If z € A, then since
fa(z) is not defined, we let 64(z) be the average of 64(z) over all x € A (for which
fa(z) is defined) with |x — z| = 1. The Beurling estimate and a simple Harnack

principle show that

04(2) = 0a(z) + O(n~Y?),  (z,2) € D.A. (2.19)

There are analogous Beurling-type results in the discrete case. Suppose that S,
n=0,1,..., is a simple random walk on Z?, and 74 := min{j > 0: S; ¢ A}. The

discrete Beurling projection theorem below is proved in [28, Theorem 2.5.2].

Theorem 2.5.4 (Discrete Beurling Projection Theorem). If A € A has radius
R, then limjg|_.oc P*{S:,. = 0} < CR™/2.

One consequence of this result is the discrete Beurling estimate; see also [33].

Corollary 2.5.5 (Discrete Beurling Estimate). There is a constant ¢ < oo such

that if r > 0, then P*{|S,, — z| > r dist(z,04)} < cr—1/2.

In particular, if |x| > n/2, the probability starting at « of reaching (n/2)D before
leaving A is bounded above by cn~1/2 dist(z, DA)'/2. Tt is easy to show that G4(x) < ¢

for |z| > n/4; hence in this case we get

Ga(x) <en V2 dist(z,04)V%, Ac A", |z| > n/4. (2.20)

Specifically, if z € 0,4, then G4(x) < en™Y/2.

If Ae Aand 0# z € 0;A, then since GA(0) = Ga\(23(0) + P{74 > Ta\(2}} G (@)
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it follows that

Galx)®

Ga(0) = Ga\(3(0) + =———.
A0 =Cnm O+ Fl o)

We can replace A\ {z} in the above formula with the connected component of A\ {x}

containing the origin. In particular, if A € A" and = € J;A, then we conclude that

Ga(0) = Gaay(0) < Ga(z)* <cn™h.

2.6 The Poisson kernel

The results of this section are all standard, and may be found in a variety of sources,

including [5] and [32]. They are stated for reference.

2.6.1 Definition and basic properties

Suppose that B; is a standard two-dimensional Brownian motion, D C C is a bounded
domain, and Tp := inf{t > 0 : B, € D}. Suppose further that for all y € 9D,
PY{Tp = 0} = 1; in other words, assume that all points of 9D are reqular for D¢. Let
A denote the usual Laplacian in C. If F': 9D — R is a function which is continuous
on 0D, then it is very well-known that there exists a unique solution to the Dirichlet
problem for D: find u : D — R such that Au(z) = 0 for € D, u(y) = F(y) for

y € 0D, and u is continuous on D. In fact, this solution is given by

u(x) = E*[F(By,)] = /a Fly) P{Br, € dy).

We call P*{Br, € dy} harmonic measure in D from x, and we denote its density
with respect to arc length by Hp(x,y), the Poisson kernel. (For details on harmonic

measure, consult [1].)
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Remark. In the language of measure theory, harmonic measure is absolutely contin-
uous with respect to arc length so by the Radon-Nikodym theorem [58], the Poisson
kernel is simply the appropriate density. That is, if we write |dy| for arc length
measure on 0D, then

P*{Br, € dy} = Hp(x,y) |dy|. (2.21)

In the differential equations literature (say [17], for example) the Poisson kernel is
the normal derivative of the Green’s function. That is, if D € D*, x € D, y € 9D

with 0D locally analytic at y, then

Hp(x,y) = ainygp(:c,y) (2.22)

where n, is the (inward pointing) unit normal vector to D at y.

However, we will primarily be concerned with D € D*, and for such a domain
every point of 9D is regular for D¢. Hence, if x € D and y € 0D, then both harmonic

measure P*{ By, € dy}, and the Poisson kernel Hp(x,y) are well-defined.

Example (Poisson kernel for D,). Let D, := {z € C: |z| < r} denote the open

disk of radius > 0 in C. For x € D, and y € 0D, we have

1 r?— |z

Proposition 2.6.1. Consider Hy, the Poisson kernel for the unit disk.
o For fized y € 0D, Hp(-,y) is harmonic in D.

o [fz, €D and x, — y € ID, then Hp(x,,y) — co. However, if v, — 1y € 0D

with y' # vy, then Hp(z,,y) — 0.
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e Hyp(0,y) = 5=, and for all z € D, fo% Hp(x,e?)df = 1.

= 55

e Harnack’s inequality: If |x| <r <1, y € 0D, then

l—r  1-—17?
L+r  (14+7)2

1—r2 1+
(1-7)2 1—7r

S 2m H]D)(Ivy) S

o Ifz=Re” and y = e with0 < R < 1, then

1 1- R?
it - .
oY) = S T Reos(0 = 0) I

Note that if I' is an arc in 0D, and we consider the Dirichlet problem with bound-

ary function F(y) = L{yery, then

— |

1
Hy(2,T) == P*{Br, € T} %/ dy| (2.24)
T

1
ly — x|

where |dy| is arc length measure on 9D i.e., if y = ¢, then |dy| = db.
We conclude with the following well-known, and easily proved, fact that the Pois-

son kernel Hp(z,-) is continuous in z. (See [26] for the proof written down.)

Proposition 2.6.2. If D € D*, z € D, and y € 0D with 0D locally analytic at y,

and if z, — z with z, € D for each n, then Hp(z,,y) — Hp(z,y) as n — oo.

2.6.2 Behaviour under conformal transformation
The Riemann mapping theorem allows us to describe the behaviour of the Poisson
kernel under a conformal transformation. For details, see [5, Chapter V] or [32].

Proposition 2.6.3. If D, D' € D*; x € D; y € 0D; 0D is locally analytic at y;

f: D — D" is a conformal transformation of D onto D'; and 0D’ is locally analytic
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at f(y), then P*{Br, € dy} = P/@{B'r , € f(dy)} where B' is a (time-change of)

Brownian motion. Equivalently,

Hp(z,y) = [f'(y)| Hp (f (), f(y))- (2.25)

In fact, this time-change can be given explicitly. If
As = As = / |f'(B))?dr and o, =0y, = inf{s: A, >t}
0

then B; := f(B,,) is a Brownian motion.

2.7 The excursion Poisson kernel

2.7.1 Definition and basic properties

In the present section, we introduce the excursion Poisson kernel which behaves
in a manner similar to the Poisson kernel, and will turn out to give the mass of
the boundary-to-boundary excursion measure. We restrict to D € D because we need
local analyticity to take normal derivatives and to define f'(z), x € 9D; in Section 4.7
we discuss extensions to D € D*. For D € D, however, the excursion Poisson kernel

is defined in terms of the usual Poisson kernel, with the appropriate scaling, viz.

Definition 2.7.1. Suppose that D € D and z, y € 9D, y # x, with 0D locally
analytic at both x and y. Let n, be the (inward pointing) unit normal vector to D
at x, and define the excursion Poisson kernel Hyp(x,y) to be

1
H, = lim - H oY)
on(2,y) = lim ~Hp(z +eng,y)
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It is a simple consequence of harmonicity that the excursion Poisson kernel exists
for D € D. Indeed, the usual Poisson kernel is harmonic in D so that it is the real part
of an analytic function. Since D is assumed to have piecewise analytic boundary, by
analytic continuation, this function has an analytic extension to the boundary (see (2,
Theorem 4, page 235], for example). Hence, the excursion Poisson kernel is exactly
the normal derivative of the (extended) Poisson kernel; see also Theorem 2.10.3. That

is, if D € D, and z, y € 0D with 0D locally analytic at both x and y, then

0 Hp(z,y). (2.26)

In the case of D, explicit calculations are possible, as the following propositions show.

Proposition 2.7.2. If x, y € 0D, y # x, then

1 1

; m. (2.27)

HBD(xa y) =
Proof. By definition, Hop(z,y) := lim. o ¢! Hp(z + en,,y). For any z € D, we
have x 4+ en, = (1 — ). Since |z| = 1, we conclude that

1 1 1-(1—e2z 1 1
HaD($7y) = lim —HD((l—g)x,y) = lim ( 8) |.I" _

0+ € =0+ 2me [y — (1—e)x|? 7 |y —af® -
Corollary 2.7.3. If we write x = € and y = ¢ with 6 # ¢', then
Hon(e®,¢®) = Hon(e?,e®) = Hop(1, @9 = 1 1 .
21 1 — cos(0' — 0)
Proof. Since |y — z|? = [ — ¢ = 2 — 2cos(§' — 0) by the law of cosines and

cos(0' — ) = cos(f — 0'), we have Hyp(e?,e?) = Hop (e, e?) = Hyp (1, =9). O



2. Background and Preliminary Results 24

Proposition 2.7.4. Suppose that 0 < 0, < 0, < 03 < 0, < 601+ 27. Then,

1 —cos(f —0) 0= sin(f; — ¢") sin(fy — 0")

/02 1 _cos(bh —0)+1  cos(fp—0')+1
01
and
6s 2 1 , [1— cos(8, — 0)][1 — cos(f3 — 61)]
/93 /91 1 —cos(f —6) d0d0" = log <[1 — cos(03 — 65)][1 — cos(0, — 01)]> ‘

In particular, if 0 < |0] < &, then (1 — cos(0))™" = 2072[1 + O(6?)], so that

/ e Hon(e?, ) do ¢/
03 J61

_ (04 — 03)(02 — 01) (04 — 93)2(92 — 91)2

B 7T(93 - 92)(04 - 91) + O ((93 — 92)2(94 _ 91)2) + O((94 - 93)(92 — 91))

Proposition 2.7.5. If T" is an arc on the unit circle, and x € 0D, z € ", then

1 1 1
lim —P**™{B. T :—/— dy|.
5—1>%1+ c { Th } T Jr ‘l‘ _ y‘2 | y'

Proof. Define p(u) := P*{Bp, € I'} so that,

1 ( n ) 1/ 2—¢ ‘d]
“plz +¢en,) = — )
5p 27 Jr |(1 —e)x — y|? y

If we let h.(z,y) := (2 —¢)|(1 — &)z — y| ™2, then lim. o, h.(z,y) = 2|z — y| 2. Now
Jplz —y|7?|dy| < oo since | — y| # 0, so we may apply the dominated convergence

theorem and conclude that

e—0+

lim [ h.(z,y)|dy| —/ lim h.(x,y) |dyl|. O
r r&e—0+
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Remark. Compare this proposition with (2.24). This result holds more generally, and
shows that the excursion Poisson kernel is aptly named. Suppose that D € D, and

' C 0D is an arc. If x € D, then
Hp(w.T) = P*{Br, € T} = [ Hpla,y)|dyl. (2.28)
r
However, if z € 0D, z ¢ ', then

: 1 L1+EX.
Hop(z,T) := lim ~P**™{B; €T} = /Hap(x,y) |dy|.
T

e—0+ €

We conclude with the easily proved boundary analogue of Proposition 2.6.2. (Con-

sult [26] to see the details of the proof written down.)

Proposition 2.7.6. Let D € D, and let x, y € 0D with OD locally analytic at both x
and y. Write 0D =T UT" where I' is an analytic open boundary arc with x € I' and

y €. If x, — x with x, € T for each n, then Hyp(x,,y) — Hop(z,y) as n — oo.

2.7.2 Behaviour under conformal transformation

The most important property of the excursion Poisson kernel, and another reason
it is so-named, is the conformal covariance property. We prove the following as a
consequence of Proposition 2.6.3. It is implicit throughout that for z, y € 9D, we

have z # y.

Proposition 2.7.7. If D, D' € D; x, y € 0D; 0D is locally analytic at x and y;

f: D — D" is a conformal transformation of D onto D'; and 0D’ is locally analytic

at f(x) and f(y), then Hop(z,y) = [f'(2)|f'(y)| Hop (f (2), f(y))-
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Proof. By definition, Hyp(z,y) := lim. .oy ™' Hp(z + en,, y). Therefore,

Hyop(z,y) = Elil& e ' f'(y)| Hp (f(x + eny), f(y)) (Proposition 2.6.3)

= 1f'@)] Jim & Hor(f(2) + ef () +0(e), f(y)) (Taylor’s theorem)

= 1@ @) T ELf @)™ Hor () + el £ (@)mgee +0(e), £(1)
= 1P @I @)l et Hp(f(@) + emg + ol f(y)

= £ @) W) Hop (f (x), f ()

where we have written €; := ¢|f’(z)|, and have noted that ny,y = f'(z)n,/|f'(z)|

and |nf(x)| = |nx| =1. O

Recall that if fp € 7(D,D) with fp(0) = 0, f5(0) > 0, then we can write
fo(x) = exp{—gp(x) +ifp(x)} as in (2.6).
Proposition 2.7.8. If D € D and x, y € 0D with 0D locally analytic at x and y,

then
2 Hp(0,z) Hp(0,y)
1 —cos(Op(x) —Op(y))

Proof. Note that 472 Hp/(0, €7@ Hy (0, e»®)) = 1, so that by Corollary 2.7.3,

H('?D(x7 y) =

(2.29)

o1 Hop ( ifp () Z'%(y)) 1 4m* Hp (0, 619D(x))HD(O, eieD(y))
e = =
Tilgpl€ ) 1 — COS(QD({I}) — HD(y)) 1-— COS(QD(.T) — QD(y))

But from the conformal covariance of the excursion Poisson kernel (Proposition 2.7.7),
it follows that Hpp(z,y) = |fn(2)| |fp(y)|Hop(eP@), er®) and by the conformal

invariance of the usual Poisson kernel (Proposition 2.6.3),

Hp(0,2)Hp(0,5) = | Fi )| | F5(w) (0, €72 Hy (0,720, a
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Proposition 2.7.9 (Conformal Invariance of Excursion Poisson Kernel).
Suppose that D € D, and let ', T C 0D be analytic open boundary arcs with T NY =
0. Let D' € D, and suppose that f € T(D,D’) with f(0) =0, f'(0) > 0. Write I,

Y’ for the images under f of I', T, respectively. If

Hop (', T) = /Y/FHaD(l’ay) |da| |dyl, (2.30)

then Hop(T, ) = Hyp:(T", T').

Proof. From the definition of Hyp(I', T) and Proposition 2.7.7, we conclude by chang-

ing variables that

Hop(0. ) = [ [ Hop(ecg)laallayl = [ [ 17/ @I1F ) Hon (), 1))l
=[] Hop(a' )10y

= Hyp/ (I, 1),

Remark. In Section 4.7, we extend the definition of Hyp(T",Y) to D € D*. To prove
Fomin’s conjecture in Chapter 6, we define the hitting matrix of excursion Poisson
kernels, and establish as a straightforward extension of Proposition 2.7.7 that the
determinant of the hitting matrix is conformally covariant. We then define, similar

to (2.30), an integrated determinant which is conformally invariant.

2.8 Almost uniform random variables

Let R > 2, and let B; be a Brownian motion started at By = z, || = R. If

T :=inf{t > 0:|B;| = 1}, then for R large, the density of Br is “almost uniform.”
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Proposition 2.8.1. The probability density function p = pp, r of the random vari-
able Br is

po) = - +0(5).  yem,

Proof. Consider the domain D = {z € C : |z| > 1}. The map z + z~! is a conformal
transformation from D onto D sending the unit circle to the unit circle, and the
circle of radius R to the circle of radius 1/R. Since the Poisson kernel is conformally

covariant (Proposition 2.6.3), we have for |y| = 1, |z| = R,

1 R*-1

-2 -1 -1
p(y) =yl Hole™y™) = o P—

However, by Harnack’s inequality (Proposition 2.6.1), we have

R-1 R+1
—— <2mHp(z 7',y <
from which it is easily deduced that 27p(y) — 1 = O(R™). O

2.9 Conformal mappings of D onto D
It is well-known that every conformal mapping of D onto D is of the form

fa(z) =€

2.31
az —1 ( )

for some 6 € [0,27) and |a| < 1. By the Carathéodory extension theorem (The-
orem 2.1.2), f, can be extended to a homeomorphism of the closed unit disk onto
the closed unit disk. For the remainder of this section suppose that f := f, is the

map (2.31) and that z, y € ID.
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Proposition 2.9.1. If f is as in (2.31) and y € 0D, then |f'(y)| = 27 Hp(o, y).

Proof. If f(z) = 2% then f'(z) = " (Qf__l)lg, so that

2 =2
O i .

— = = 27 Hp(a, 1
Gy~ 1P~ fa—1jyp 2 @Y

since |y| = 1. Note that if y € D, then 1/y = 7. It is easily seen that Hp(@,7y) =

Hp(a,y), and the result follows immediately. O

This proposition can be proved directly from Proposition 2.6.3 by choosing z = «

and noting that 27 Hp(0, f(y)) = 1. In particular, 0 < | f'(y)| < oo for y € OD.

Proposition 2.9.2. Ifz, y € dD, z # y, and f € T(D,D) with f(x) = = and
fy) =y, then [f'(x)|f'(y)] = 1.

Proof. 1f f(x) = x and f(y) = y, then we immediately obtain from Proposition 2.7.7

that Hop(z,y) = |f'(x) /()] Hon(f (x), f(y)) = [/ () |f"(y)| Hop(z,y). Hence, we
conclude that |f'(z)||f' (y)| = 1. O

Example. Suppose that f(z) = == for a € (~1,1). Then f € 7(D,D) and both 1

2

and —1 are fixed points of f. Since f'(z) = (11:—;‘2)2 we see that

/ / o 1—Oé2 1—042 _1+a -«
f(l)f<_1)_(1_a)2'(1+a)2_1—a'1+a

In fact, for z, y € dD, = # y, suppose that h € 7(D,D) with h(z) = —1, h(y) = 1.
Setting ' = h~'o f o h so that F' € T(D,D) with F(z) = x and F(y) = y gives

1

Fla) = (070 Lo ') = s Fomye)

f'(h()) W () = f/(=1)

and similarly F’(y) = f’(1). This yields a stronger version of Proposition 2.9.2.
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Proposition 2.9.3. Ifz, y € D, z # y, and f € T(D,D) with f(x) = = and
fly) =y, then f'(z) f'(y) = 1.

2.10 Relationship between Hyp and ¢gp for D € D

In this section we derive a formula relating the excursion Poisson kernel and the
Green’s function for Brownian motion. To do so, it is necessary to first observe a
relationship between the usual Poisson kernel and the Green’s function, proving it

initially in the unit disk D and then extending it to general D € D.

Lemma 2.10.1. If z € D and y € 0D, then

1—
i 0= (2.32)
e—0+ 2me Hp(z,y)
Proof. We treat the cases z = 0 and z # 0 separately. If z =0, then 27 Hp(0,y) = 1
from (2.23), and gp(0, (1—¢)y) = —log |(1—¢)y| = —log(1—¢)—log |y| = —log(1—¢)

from (2.2). Since

| _
lim —1080 =€)
e—0+ g

=1

Y

(2.32) holds for z = 0. Suppose instead that z # 0. Without loss of generality we
may assume that y = 1. It follows from (2.23) that 1 — |z|*> = 27|z — 1|*Hp(z, 1) and

from (2.2) that

2(1—5)—1‘

1—¢)=log| ———~—|.
gn(z,1—¢) =log P

However, (2.32) also holds when z # 0 since

z+1 N Z+1  2lzP—2(1—¢)+ze+Ze  2[z[* -2
z—(1—-¢) z—-(1-¢) |z — (1 —¢)|? |z —1]27




2. Background and Preliminary Results 31

so that as ¢ — 0+,

o Z(1-e)—1] ¢ z+1 N z+1 ez +1)2
ol [ — o\z—(1-2) ' z-(1-9) "2z—1 -9
€ 2|z|2—2
- — =27e H, 1). ]

The next lemma easily follows from Lemma 2.10.1 using the conformal invariance

of the Green’s function and the conformal covariance of the Poisson kernel.

Lemma 2.10.2. If D e D, z € D, and y € 0D with OD locally analytic at y so that

n,, the inward pointing normal to D at y, exists, then

gp(2z,y+eny)
H = lim )
D( ) €i0+ 2me

Proof. Recall from (2.5) that if D € D and f € 7(D,D) with f(0) =0, f/(0) > 0
then gp(z,w) = gp(f(2), f(w)) for z, w € D. Also recall from Proposition 2.6.3
that Hp(z,y) = |f'(y)| Hp(f(2), f(y)) for z € D, y € dD. Furthermore, by Taylor’s

theorem, f(y +eny) = f(y) + el f'(y)Ing) +ole) = (1 —l[f'(y))f(y) + o(e) since
ns,) = —f(y) for f(y) € OD. Consequently, we have

- gp(z,y +eny) lim gp(f(2), f(y +eny))
e—0+ 2me Hp(z,y) e=0+ 2 e | f'(y)| Ho(f(2), f(y))
_ i 2 (2), (L= e[ f'(W)]) f(y) + ole))
=0+ 2me|f'(y)| Hp(f(2), f(y))

(
(), (1= =) () .
611—I>I(J1+ 271'51 H]D)( ( ) ( )) where 1 ‘f( )|

=1,

by Lemma 2.10.1 since f(z) € D and f(y) € ID. O



2. Background and Preliminary Results 32

The theorem is now an immediate application of Lemma 2.10.2 to the definition

of the excursion Poisson kernel (Definition 2.7.1).

Theorem 2.10.3. If D € D, and x, y € 0D with 0D locally analytic at both x and

y, then

. gp(x +eng,y+eny)
Hoo(o,) = g B

Remark. In other words, this result is the boundary-to-boundary analogue of (2.22),

namely if D € D and x, y € 0D with 0D locally analytic at both z and y, then

0 0 ()
anx anygD ' Y)-

H@D(xv y) =

Compare this with (2.26).

2.11 The discrete excursion Poisson kernel

While the Poisson kernel Hp(x,y) can be thought of as the “probability that a
Brownian motion starting at x hits 0D at y,” this is not entirely precise since complex
Brownian motion does not hit points. Indeed, as in Section 2.6, the Poisson kernel
Hp(z,y) is the density with respect to arc length of P*{ By, € dy}, harmonic measure
in D from xz. However, the discrete analogue has an exact interpretation as the
probability that a simple random walk S,, on Z? starting at z € A will hit 0A at y

since there is a positive probability that S;, = v.

Definition 2.11.1. Suppose that A € A", and let 74 := min{j > 0: 5; € 0A}. For

x € Aand y € A, we define the discrete Poisson kernel, written hu(x,y), as

ha(z,y) :==P{S:, = y}.
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Remark. The object defined above has many names in the literature; among them
are hitting probability measure [49], harmonic measure in A from x, hitting probabil-
ity [28], or hitting distribution [20].

We define the discrete analogue of the excursion Poisson kernel to be the prob-
ability that a random walk starting at x € 0A takes its first step into A, and then

exits A at y.

Definition 2.11.2. Suppose that A € A", and let 74 := min{j > 0: S; € 0A}. For

x, y € 0A, define the discrete excursion Poisson kernel, written hpa(x,y), as
hoa(z,y) :=P*{S,, =y, S € A}.

We now state two simple last-exit decompositions—one for h, and one for hgy.
Proposition 2.11.3. If Ae A", x € A, y € A, then
hawy) =7 O Galr,2) (233
AL, Y) = 4 A\, Z). .
(z,y)€0. A
where G 4 is the Green’s function for simple random walk on A as in (2.11).
Proof. From the definitions of the discrete Poisson kernel and the Green’s function,

PSS, =y} = sz{sk =y, ma=k}= ZZW{STA =y, Sk-1= 2,74 = k}
k=1

zeV k=1

= ZZiPx{Skl =Z,TA 2 k}

z€V k=1

= EZGA(*% 2)7

where we have written V :={z € A: (z,y) € 0.A}. O
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Note that Proposition 2.11.3 holds in slightly more generality, and may be found
n [49, P10.1(c)]. It is also noted in [49] that (2.33) is the correct discrete ana-
logue of (2.22). The following result is the “boundary-to-boundary” version, and is

therefore the correct discrete analogue of (2.26).

Proposition 2.11.4. If A€ A", x € 0A, y € A, then

hoa(z,y) Z ha(z,y).
(z T)EDA

Proof. Using the definition of the discrete excursion Poisson kernel and the strong

Markov property, we conclude that

hoa(x,y) ZIP’””{STA =y, 51 =z} = Z]P’I{STA =y|S) = 2} P*{S) = 2}

zeV zeV

= s, =)

zeV

= %ZhA(%y),

zeV

where again we have written V :={z € A: (z,y) € 0.A}. ]



Chapter 3

Green’s Function Estimates

In this chapter, we lay the foundation for our proof that discrete excursion measure
converges to Brownian excursion measure by deriving several useful Green’s function
estimates. We begin, in the first section, by reviewing some facts about coupling two
stochastic processes on the same probability space; see [22] or [41]. We then use the
important theorem of Komlds, Major, and Tusnady [24, 25] to construct a Brownian
motion and a simple random walk on the same probability space and to derive a
strong approximation result. In Section 3.2, we establish some estimates relating the
Green’s function for Brownian motion to the Green’s function for simple random walk
in certain domains; Proposition 3.2.3 is the culmination of these efforts. While the
Green’s function estimates of Section 3.2 hold in general, they will be most useful for
points away from the boundary. In Sections 3.3 and 3.4, we establish better estimates
for the case of points near the boundary, provided they are not too close to each other.
These results are then summarized in Theorem 3.5.1 and Theorem 3.5.4 of the final
section. Throughout this chapter, suppose that A € A™ with associated “union of
squares” domain A € D. As in Section 2.1, let f4 € T(fl, D) with fa(0) = 0,
11(0) > 0, and recall from (2.8) that f4(z) = exp{—ga(x)+1i04(x)}, where g4 is the

Green’s function for Brownian motion in A.

35
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3.1 Strong approximation

Definition 3.1.1. Suppose that (2, F;,P1) and (9, F2,P2) are two probability
spaces. A coupling of the probability measures P; and P, is a probability measure
P defined on the product measurable space (2, F) := (1 x Qq,0(F; X F3)) whose

marginal probabilities are P, and Ps.

Example (Independence coupling). For A; € F;, Ay € F>, let P be given by
P(A; x Ag) :=Py(A1)-Py(Ay), and set P(A) = 0 for A € o(F, x F») \ F1 X Fy so that
P is obviously a coupling of (21, F1,P1) and (Q, Fo, Py). If (w1, ws) € Q5 X Qy and

7i(w1, ws) = w;, then the marginal probabilities of P are Por; ! = P; and Porm, ' = P;.

A coupling of two stochastic processes X and Y is a random process (X', Y”’) on
a probability space (€2, F,P) such that the components of (X', Y”) have the laws of
X and Y, respectively. The usefulness of coupling two stochastic processes is that it
may be possible to produce a probability space (€2, F,P) that yields more information
about the two stochastic processes than just that provided by the marginals of P.
The landmark theorem of Komlés, Major, and Tusnady [24, 25] is an example of a
successful, and useful, coupling of Brownian motion and simple random walk. While
they initially proved this theorem only for one-dimensional processes, it has been
extended in a variety of different directions by a number of researchers. (See [53]
and [60], for example.) Since we are concerned exclusively with complex Brownian

motion and simple random walk on Z?, the results noted in [4] suffice.

Theorem 3.1.2 (Komlés-Major-Tusnady). There ezist constants A\, C, K, and
there ezists a probability space (2, F,P) on which can be defined a two-dimensional

Brownian motion B and a two-dimensional simple random walk S with By = Sy,
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such that for all x > 0 and each n € N,

P{ max

1
1<k<n 7 Bi = 5y

5 > Clogn + 1} < Ke ™.

The one-dimensional proof may be found in [25], and the immediate extension to
two dimensions is written down in [4, Lemma 3|. As noted in [25], A can be chosen
as large as desired by choosing C' large enough; consequently |B,, — Ss,| = O(logn)

a.s. The following easy corollary to the previous theorem is found in [4, Lemma 4].

Corollary 3.1.3. There ezists a probability space (2, F,P) on which can be defined
a two-dimensional Brownian motion B and a two-dimensional simple random walk

S with By = Sy such that for each n € N, and for any A > 0,

P{max sup |B;— Si| > Clogn} = 0(n=),

0sksn jipi<y

provided C = C(X) is large enough.

For our purposes, we will need to consider the maximum up to a random time,
not just a fixed time. The following strong approximation will suffice. Our choice of

n® is arbitrary, and will turn out to be good enough.

Corollary 3.1.4 (Strong Approximation). There is a probability space (2, F,P)
on which can be defined a two-dimensional Brownian motion B and a two-dimensional

simple random walk S with By = Sy, and a constant C' such that

P{ max sup |B;— Si| > Clogn}=0(n"),

0<k<on |t—k:|<l
—2

where o} := inf{t : |S; — So| > n®}, 02 :=inf{t : |B; — By| > n®}, and o,, := o} V 02,
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Proof. Suppose that I,, := {0, < n3¢}. Then by the reflection principle for random
walk [28], the central limit theorem, and the reflection principle for Brownian motion,
it follows that P(I¢) = O(n™'%). Suppose that A = 10/36, and let C' = C’(\) be the
required constant from Corollary 3.1.3. Therefore,

P{ max sup |B;— S| > Clogn}

0<k<on | _pi<i
—2

=P{ max sup |B;— S| > Clogn;I,}+ ]P’{Oinax sup |Bi— S| > Clogn; I}

0k<on 1y <1 ShSom <1

<P{ max sup |B;— S| > C"logn}+ P(I%)

36
0sksn®® |, ki<

= O0(n*) + O(n™ 1),

by Corollary 3.1.3, and the proof is complete. n

Proposition 3.1.5. There exists a constant ¢ such that for every n, a Brownian
motion B and a simple random walk S can be defined on the same probability space

so that if Ae A", 1 <r <n®, and v € A with |x| < n3, then
P*{| By, — S-,| > crlogn} < er™ /2.

Proof. For any given n, let B and S be defined as in Corollary 3.1.4 above, and let C'
be the constant in that corollary. Define T% := inf{t > 0 : dist(B,, dA) < 2Clogn},

7 = inf{t > 0 : dist(S;, 0A) < 2C'logn}, and consider the events

Vii={ max sup |B;— S >Clogn}, Vo:={ sup |B;— Byp,|>rlogn},
0<k<on <1 T, <t<T

and V3 :={ sup |[S; — Sy | >rlogn}.

Tl <t<Ta
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By the Beurling estimates (Corollaries 2.5.3 and 2.5.5), and the strong Markov prop-
erty, it follows that P(V, U V3) = O(r~'/2). From Corollary 3.1.4, P(V}) = O(n™'%) =
O(r=%2). Therefore, P(V; U Vo U V3) = O(r~'/2), so that the proof is complete.

Observe that |Br, — S;,| < (r + 2C)logn on the complement of V; UV, U Vs, O

If we combine the strong approximation with Theorem 3.1.2 then we can easily

deduce the following estimate.

Proposition 3.1.6. There exists a decreasing sequence 9, | 0 such that if A € A"
with associated “union of squares” domain AeD, andT, YT C A withTNY =0
and associated boundary arcs T, T C dA, then ha(0,T) = H;(0,T) + O(6,) and
ha(0,7) = H;(0,T) + O(5,). Consequently,

ha(0,T) ha(0,T) = H;(0,T) H;(0,T) + O(5,,)

where the error term depends on both I', Y.

Proof. 1If ¢ is the constant in Proposition 3.1.5, and V is the set V := {x € 0A :
dist(z,I') < en/®logn}, then ha(0,T) = H;(0,V) + O(n~/16). However, a simple

gambler’s ruin estimate for Brownian motion shows that H;(0,V) = H;(0,T) +

O(n~"®logn), so the result follows with d,, = n~"/%logn. O

3.2 Relationship between G4 and g4 for A € A"

We now use our strong approximation result of Proposition 3.1.5 to derive a uniform
estimate comparing g4(z,y) to Ga(x,y) for A € A" that will be most useful if z, y

are not too close to 0A.
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Proposition 3.2.1. There exists a ¢ such that if A € A" and |z| < n?, then
| B2 flog | B, || - E*[log Sy, ] | < ¥ logn.

Proof. For any n, let B and S be as in Proposition 3.1.5, and let V= V(n) be the
event that |Br, — S,,| < n??logn. By that proposition, P(V) > 1 — en~'/3. Since

inrad(A) > n, we know that on the event V,

~1/3

| 1Og|BTA| — log |S7'A| | < dn log n.

Note that E*[ log |Br,| 1ve 1yp, |<ns} ] < ¢ logn P(Ve) < ¢ n~1/3 logn. Using the

Beurling estimates it is easy to see that
E*[10g |Br,| Ly, 2051 | = O(n” " logn),
and similarly for log |S;,| in the last two estimates. Hence,
E*[ (log |Br,| +log|S,,| ) Ly | < cn™*3 logn. O
Proposition 3.2.2. If A € A", then
Galz) = %gA(x) bk 4+ O~ logn), (3.1)

where ko is as defined in (2.13), and k, = ko + (2/m) log |z| — a(x) for x # 0. Note

that |k,| < c|z|=3/2,

Proof. Recall from (2.4) that ga(z) = E*[log|Br,|] — log|z| and from (2.12) that
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Ga(z) = E®[a(S,,)] — a(x) with a(z) as in (2.13). If |x| < n?, then (3.1) follows from
Corollary 3.2.1, and if |x| > n?, then (3.1) follows directly from the bounds on g4(z)

and G 4(z) in (2.18) and (2.20), respectively. O

For any A € A", let A*" be the set
A= {x € A: ga(z) >n Y16}, (3.2)

The choice of 1/16 for the exponent is somewhat arbitrary, and slightly better esti-
mates might be obtained by choosing a different exponent. However, since we do not

expect the error estimate derived here to be optimal, we will just make this definition.

Proposition 3.2.3. If A€ A", and x € A®", y € A, then
2 —7/24
Galx,y) = —ga(2,y) + ky—s + O(n™"" logn). (3.3)

Proof. From the Beurling estimates, (2.18), and (2.20), it follows that if A € A™ and
z € A*" then dist(z, dA) > en™/® and dist(z, DA) > ¢n™/®. That is, if we translate A

7/8

to make x the origin, then the inradius of the translated set is at least ¢n‘/°. Hence,

we can use Proposition 3.2.2 to deduce (3.3). O

3.3 An estimate for hitting the boundary

Suppose that A is any finite, connected subset of Z?2, not necessarily simply connected,
and let V' C 0A be non-empty. Recall that A C C is the “union of squares” domain
associated to A as in Section 2.1. For every y € V', consider the collection of edges

containing y, namely &, := {(z,y) € 0 A}, and set &y = U, €y If £y is the
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perpendicular line segment of length one intersecting (x,y) in the midpoint as in

Section 2.1, then define V := J s, to be the associated boundary arc in OA.
(%y)egv
Suppose that 74 := min{j : S; € A}, Ty = T := inf{t : B; € A}, and throughout

this section, write

h(x) = ha(z, V) :=P{S,, €V} = halz,y), (3.4)
and
H(z) = Hy(e,V) = P*{By, € V} = /V H e, y) |y, (3.5)

where h4 and H ; are the discrete Poisson kernel and the Poisson kernel, respectively.

Definition 3.3.1. If F : Z? — R, let L denote the discrete Laplacian defined by

LF() = 3 (F@) ~ F@) = § 3 (Fla +e) — Flx)).

le—y|=1 le|=1

Call a function F' discrete harmonic at x if LF(z) =0. If LF(z) =0forallz € A C

72, then F is called discrete harmonic in A.

Remark. As in [28], it is easy to check that for any function F' on Z?, the discrete

Laplacian is related to simple random walk by
LF(z) = E*[F(51) — F(S0)]. (3.6)

Let A denote the usual Laplacian in C as in Section 2.6, and recall that F is
harmonic at x if AF(x) = 0. Note that L is a natural discrete analogue of A. (A
relatively complete investigation of this analogy, including the solution to the discrete

Dirichlet problem via random walks, may be found in [28].) If r > 1, F': C — R, and
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AF(z) =0 for all z € C with |z| < r, then from Taylor’s series and uniform bounds

on the derivatives of harmonic functions [5], we conclude that

[LE(0)] < [ FllO(r~?). (3.7)

It follows immediately from the strong Markov property that A defined by (3.4) is
discrete harmonic in A. It is well-known [17] that the Poisson kernel, and therefore
H defined by (3.5), is harmonic in A. Our goal in the remainder of this section is to

prove the following proposition.

Proposition 3.3.2. For every € > 0, there exists a 6 > 0 such that if A is a finite

connected subset of Z*, V C OA, and x € A with H(x) > ¢, then h(z) > .

We first note that for every n < oo, there is a ¢’ = ¢’(n) > 0 such that the
proposition holds for all A of cardinality at most n and all € > 0. This is because h
and H are strictly positive (since V' # () and the collection of connected subsets of

72 containing the origin of cardinality at most n is finite. Hence, we can choose

§'(n) = minP*{S,, =y} (3.8)

where the minimum is over all finite connected A of cardinality at most n, all z € A,

and all y € 0A. We now extend this to all A for x near the boundary.

Lemma 3.3.3. For every € > 0 and for every M < oo, there exists a & > 0, such
that if A is a finite connected subset of Z*, V C OA, and v € A with H(x) > & and
dist(z, 0A) < M, then h(x) > 6.

Proof. By the recurrence of planar Brownian motion and the Beurling estimate, we

can find an N = N (M, ¢) such that P*{diam(B[0,T4]) < N} > 1 — (¢/2) whenever
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dist(z, 9A) < M. Hence, if P*{By, € V} > ¢ and dist(z, 0A) < M, then
P*{ By, € V;diam(B[0,T4]) < N} > ¢/2,

and the lemma holds with § = ¢’(3N), say, where ¢’ is defined as in (3.8) above. [

For every M < oo and finite A C Z2, let
om = o4 i=min{j > 0 : dist(S5;,04) < M}.

Since A is finite and & is a discrete harmonic function on A, it is necessarily bounded
so that h(Syae,,) is a bounded martingale. It then follows from the optional sampling

theorem [58] that h(x) = E*[h(S

» )] for all x € A since o) is an a.s. finite stopping

time. The next lemma gives a bound on the error in this equation if we replace h

with H.

Lemma 3.3.4. For every € > 0, there exists an M < oo such that if A is a finite
connected subset of Z*, V C 0A, and x € A, then | H(z) — E*[H(S,,,)]| < e.
Proof. For any function F' on A and any = € A,
op—1
F(x) = E°[F(S,,)] —E°[ Y LF(S))]. (3.9)
§=0
(Note that F'is bounded since A is finite.) Applying (3.9) to H gives

|H(z) ~E°[H(S,,)] | < Y Gale,y) [ILH(y)l.
dist(y,0A)>M

Since H is harmonic and bounded by 1, (3.7) implies |LH (y)| < ¢ dist(y,dA)™3. A
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routine estimate shows that there is a constant ¢ such that for all A € A, = € A,
and r > 1, if a simple random walk is within distance r of the boundary, then the
probability that it will hit the boundary in the next r? steps is bounded below by

¢/ logr. Consequently, we have

Z Galx,y) <crlogr.

r<dist(y,0A4)<2r

Combining these estimates gives

Y. Galz,y) |LH(y)| < erlogr,

r<dist(y,0A4)<2r

and hence

> Gala,y) |LH(y)| < c M~ log M. (3.10)
dist(y,04)>M

The proof is completed by choosing M sufficiently large which will guarantee that

the right side of (3.10) is smaller than e. O

Proof of Proposition 3.3.2. Fix € > 0, and suppose H(z) > . By the Lemma 3.3.4,
we can find an M = M(¢e) such that

E[H(S,) = Y. Jy) Hy) >¢/2,

dist(y,0A)<M

where J(x,y) = Ja(z,y; M) :=P*{S,,, = y}. Hence

>, J(z,y) = > J(z,y) H(y) = /4.

H(y)ze/4, dist(y,04)<M H(y)2e/4, dist(y,04)<M

By Lemma 3.3.3, there is a ¢ = c¢(e, M) such that h(y) > ¢ if H(y) > /4 and
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dist(y, 0A) < M. Hence,

hz)= Y J(@y) hly) >ce/4 O
dist(y,0A4)<M

3.4 The main boundary estimates

Proposition 3.2.3 is a good estimate if f4(x) and fa(y) are not close to 0D. While
this proposition is true even for points near the boundary, it is not very useful because
the error terms are much larger than the value of the Green’s function. Indeed, if
A€ A" and z € 0;A, then ga(x) = O(n~Y?) and G4(x) = O(n~Y2), but O(n~1/?) <«
O(n~"**1ogn), the error term in Proposition 3.2.3.

In this section we establish Proposition 3.4.1 which gives estimates for x and y
close to the boundary provided that they are not too close to each other. Recall that
A= {x € A: ga(z) >n"Y/1%) asin (3.2).

The following estimates can be derived easily from (2.7); see also Proposition 2.7.4.

If 2= fa(x) = (1 = 7)e”, 2 = faly) € D with |z — 2| > r, then

gp(z) (1 = |Z')

gA(xvy) :gD(Z,Z) = |Z/—6i9|2 [1+O(m>] (311>
Similarly, if 2/ = fa(y) = (1 —")e? with r» > " and |z — 2| > r,
wale) = go(e,?) = {2 BEL o T @)
’ ’ 1 —cos(f —0) 16— 6|

Proposition 3.4.1. Suppose A € A™. If x € A\ A™™ and

Jom ={2 € A |fa(2) — exp{ifs(x)}| > n V®log? n}, (3.13)
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then fory € Jyp,

n~ Y1 ]ogn
| faly) — 4]

1 —|faly)P

Ga(z,y) = Ga(x) faly) — e@a(@)|2

[14+O(

)], ye A" (3.14)

n~Y%logn

_ (7/2) Galz) Galy)
Ga(z,y) 104(y) — 0a(z)

1 —cos(0a(x) — 04(y))

[ 14+0(

)], yeA\A"". (3.15)

Thus, in view of the estimates (3.11) and (3.12) above, there is nothing surprising
about the leading terms in (3.14) and (3.15). Proposition 3.4.1 essentially says that
these relations are valid, at least in the dominant term, if we replace g4 with (7/2)G 4.
The error terms in (3.14) and (3.15) are probably not optimal; however, this is what
we obtain in our proof and it seems worthwhile to state them explicitly. The hardest
part of the proof is a lemma that states that if the random walk starts at a point =
with fa(x) near 0D, then, given that the walk does not leave A, f4(5;) moves a little

towards the center of the disk before its argument changes too much.

Lemma 3.4.2. For Ae A", let n =n(A,n) :=min{j > 0:5; € A" U A°}. There

exist constants ¢, a such that if A € A”, x € A\ A®", and r > 0, then

P*{ max ) |fa(S;) — fa(z)| >r nil/w} <ce PS5, € AV},

0<j<n—
P{|fa(S,) — fa(x)| > rn V0| S, € A"} <ce ™
In particular, there is a ¢y such that if

E=&(A,n,co) :==min{j > 0: [fa(S;) — fa(z)| > o n /16 logn},

then

P*{¢ <n} <con ® PY{S, € A*"}.
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In order to prove this lemma, we will need to establish several ancillary results.
Therefore, we devote Section 3.4.1 which follows to the complete proof of this lemma,

and then prove Proposition 3.4.1 in the separate Section 3.4.2.

3.4.1 Proof of Lemma 3.4.2

If Ae Aand z € A, let da(z) be the distance from f4(z) to the unit circle. Note
that da(x) = dist(fa(x),0D) =1 — |fa(z)] = 1 — exp{—ga(x)} in view of (2.8). As

a first step in proving Lemma 3.4.2, we need the following.

Lemma 3.4.3. There exist constants ¢, , ', € such that if A € A, x € A with

da(z) <c, and o = o(z, A, c, ) is defined by

o:=min{j >0:5; ¢ A, da(S;) > (1 +c)da(x), or|04(S;) — Oa(z)| > da(z)},

then P*{S, ¢ A} > ¢, P*{S, € A; d4(S,) > (1 +¢)da(x)} > ¢, and

Pe{10,4(S,) — Oa(x)| < "da(z) | S, € A} = 1. (3.16)

Remark. (3.16) is not completely obvious since the random walk takes discrete steps.

Proof. We start by stating three inequalities whose verification we leave to the reader.
These are simple estimates for conformal maps on domains that are squares or the
unions of two squares. Recall that S, is the closed square of side one centred at z
whose sides are parallel to the coordinate axes. There exists a constant s € (1, 00)
such that if A € A; x, y, w € A; x # y; |lw—x| =1, then d4(2) < cada(x) for z € S;;
Fa2) = Fa(@)] < e2|fal2) = fal@)] for 2, 2 € S5 and |fa(w) — fa(w)| < erda(a).

The first of these inequalities implies that if z € S, and da(z) > 3coda(z), then
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da(y) > 3da(z). Fix A€ A, x € A with da(x) < 1/(100c3), and let
J=J@x A)={yeA:S§n{ze A fa(2) = fa(x)] < Beada(z)} # 0 }.

That is, y € J if there is a z € S, with |fa(z) — fa(z)| < Beada(z). Note that J
is a connected subset of A (although it is not clear whether it is simply connected)
and J C {z € A:|fa(2) — fa(z)] < 5c3da(x)}. In particular, da(y) < 6c3da(z) and
|0a(y) —0a(z)] < dda(x) for all y € J.

There is a positive probability p; that a Brownian motion in D starting at fa(z)
leaves D before leaving the disk of radius 2d4(z) about f4(z). By conformal invari-
ance, this implies that with probability at least p;, a Brownian motion starting at x
leaves J at DA. Hence by Proposition 3.3.2, there is an &1 such that P*{S,, ¢ A} > ¢;.

Similarly, there is a positive probability ps that a Brownian motion in the disk
starting at fa(z) reaches [1 —6cad4(z)] D before leaving D and before leaving the set
{2z :|04(2) — Oa(x)| < da(x)}. Note that d(2)* > |fa(z) — fa(x)]* — da(x)? on this
set. In particular, with probability at least py, a Brownian motion starting at x leaves
J at a point z with d4(z) > 4cyd(z). Such a point z must be contained in an S, with
da(y) > 4d4(x). Hence, again using Proposition 3.3.2, there is a positive probability
g9 that a random walk starting at x reaches a point y € J with da(y) > 4da(x)
before leaving J. In the notation of Lemma 3.4.3 choose ¢ := 1/(100c3), let ¢’ be
the ¢ mentioned above, and let € := min{e;, e5}. Then we have already shown that
P*{S, ¢ A} > ¢ and P*{S, € A; da(S,) > (1 +c¢)da(z)} > e. Also, if y, w € A with

ly —w| =1, da(y) < da(z), and |04(y) — Oa(z)| < dda(z), then

[fa(w) = fa(@)| < [fa(w) = fa) + [fa(y) — fa(z)| < "da(2),
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which implies that |04(w) — 04(z)| < "da(z) for an appropriate ¢”’. This gives the

last assertion in Lemma 3.4.3 and completes the proof. O

Corollary 3.4.4. There exist constants ¢, ¢, o such that ifa € (0,1/2), A€ A, and
r € A with da(x) < a, then the probability that a random walk starting at x reaches
the set {y € A :da(y) > a} without leaving the set {y € A : |0a(y) —0a(x)| < da} is

at least c(da(z)/a)®.

Proof. Let Q(r,a,b) be the infimum over all A € A and x € A with da(x) > r of the
probability that a random walk starting at x reaches the set {y € A : da(y) > a}
without leaving the set {y € A : |0a(y) — 0a(x)| < b}. It follows from Lemma 3.4.3
that there exist ¢ > 0, p < 1, and a ¢ such that Q(p*, p/,b) > q Q(p*~1, p7, b— " p*).
By iterating this we get Q(p*,p’,2 ¢’ (1 — p)~! p/) > ¢*J. This and obvious

monotonicity properties give the result. O

Remark. A similar proof gives an upper bound of ¢;(da(z)/a)*.

For any a € (0,1) and any 60, < 69, let n(a, 61, 6,) be the first time ¢ > 0 that a

random walk leaves the set {y € A : da(y) < a,0; < 04(y) < 63}. Let

Q(x> a, ‘917 92) = PI{dA(Sﬂ(aﬁl,%)) > a ’ Sn(a,91,92) € A}>

and note that if ; < 0] < 0, < 6y, then ¢(z,a,0,,0,) < q(x,a,0q,0s).

Proposition 3.4.5. There exist constants c, ¢; such that if a € (0,1/2), A € A, and

x € A, then q(z,a,04(x) — cra,04(x) 4+ c1a) > c.

Proof. For every r > 0 and m € N let h(m,r) := inf ¢(x,a,04(x) — ra,04(x) + ra)

where the infimum is taken over all @ € (0,1/2), A € A, and all x € A with



3. Green’s Function Estimates 51

da(z) > 27™a. The proposition is equivalent to saying that there is a ¢; such that
inf A(m,cy) > 0.

It follows from Corollary 3.4.4 that there is a ¢’ such that h(m,c) > 0 for each m;
more specifically, there exist ¢y, 3 such that h(m,r) > coe™™ for r > ¢

Suppose ¥ € A with 27(m*1g < d4(r) < 27™a. Start a random walk at = and
stopped at t*, defined to be the first time ¢ when one of the following is satisfied:
Sy & A, da(S;) > 27™a, or |04(S;) — 0a(x)| > m?2 ™a. By iterating Lemma 3.4.3,
we see that the probability that the last of these three possibilities occurs is bounded
above by e #™* . Choose M sufficiently large such that for m > M, the last term

is less than coe 2P+ " and such that
P{|04(Sy-) — Oa(x)| < m*27™a | Sy € A} = 1. (3.17)

Note that (3.16) shows (3.17) holds for all sufficiently large m; for such m, if r > ¢,

then h(m +1,7) > [1 — e P™] h(m,r — m32™™). In particular, if

oo
r>cd+ Z m32™™,
m=1

then

H (1 —e )] h(M,c) > 0. O

j=1
Remark. This proposition gives an estimate on unconditioned simple random walk. If
we consider simple random walk, conditioned to reach the origin before leaving A, a

similar result holds, at least if & > O(n~'/?log®n). One can see this since conditioning
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to hit the origin weights paths by the probability of hitting the origin which is propor-
tional to G4. But our Green’s function estimates show that G4(y) > cn~1/? log3n
for da(y) > n~"?log® n and G4(y) < ¢ n~Y?log®n for da(y) < n~/?log®n. Hence,
conditioning can only affect things by a multiplicative constant. (In fact, condition-
ing the random walk to reach the origin makes things better and we can prove the

corresponding result for all a, but we will not need this stronger result.)

[terating Proposition 3.4.5 gives Corollary 3.4.6, from which Lemma 3.4.2 follows.

Corollary 3.4.6. There exist ¢, 3 such that if a € (0,1/2), r > 0, A € A, and

x € A, then q(z,a,04(x) —ra,04(x) +7a) > 1 —ce™ .

3.4.2 Proof of Proposition 3.4.1

Proof of Proposition 3.4.1. Suppose A € A" and (z,y) € 9. A*". Since ga is har-
monic in the disk of radius O(n"/®) about z, standard estimates for positive harmonic

functions give

194(2) — ga(y)| < O(n™®) ga(z) < o(n™™®).

Since ga(y) < n~ Y10 < g4(2), we conclude ga(z) = n~Y1% + o(n~7/8), and similarly

for ga(y). Hence,

Ga(z) = (2/m) n~ Y18 + O(nY3logn) = (2/7) n Y16 [1 + O(n~"*/*logn)]

by Corollary 3.2.2, and similarly for G 4(y). Therefore, for any x € A\ A*",

Ga(z) = P*{S, € A"} E*[GA(S,) | S, € A™"]

= (2/m) n VI PT{S, € A*"Y 1+ O(n ¥/ *logn)). (3.18)
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In a similar fashion, note that if x, y € A*", then ga(x,y) > cn~ /%, and hence by
Proposition 3.2.3, if |z —y| > n'/2, then G4(x,y) = (2/7) ga(z,y) [14+O0(n"/5logn)].

fAe A", € A\ A®" and y € A*", then the strong Markov property gives

GA(x7y> = Z Px{sﬂ = Z}GA(Zay)‘

ZEA*M

If v € A\ A" let R(z) = R(x,n,A) :=={z € A:|fa(2) — fa(x)| < con~Y1%logn},

where ¢j is the constant in Lemma 3.4.2. From that lemma we see that

S OP{S, =z =[1- 0] 3PS, =),

2€A*"NR(z) zeAmT

But ¢ n™'/8 < Ga(z,y) < ¢logn for z, y € A*"; hence,

Galzy)=[+on™] Y P8, =z} Galzy)

z€A*"NR(x)
If | fa(y) — fa(x)] > n"'/16 log*n, and z € A" N R(z), then from (3.11),

n~1 logn
| faly) — eat@)]

n” V1% (1= fa(y)]?)
ga(z,y) = | Faly) — ewf(:c)|2

[ 14 0O( ) .

Hence, using Proposition 3.2.3,

n~Y16 logn
|[fay) — ea@)]

) n Y16 (1= [ £4(y)]2
Galoy) = P(5, € avny B U2 L) 114 o )l

Combining this with (3.18) gives (3.14). If y € 9;A*", then we can write

n—1/16 n—1/16 log n

1 —cos(04(x) —04(y)) [14+0(

Ga(z,y) = Ga(x) )] (3.19)

|y — efalo)|
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Now suppose y € J,,, \ A®". Then we can write

GA(x7y) = GA\A*’"(x>y> + Z PI{SU = Z}GA<Z7y)7

zZEA*M

and using (3.14) on Ga(z,y) gives Ga(z,y) > en~V8P*{S, € A*"}P¥{S, € A*"}.
However, provided R(x)NR(y) = 0, which is true for n sufficiently large, Lemma 3.4.2
shows that G\ awn(z,y) < en 19P*{S, € A*"}PY{S, € A*"}. Therefore,

Galz,y) =[1+0n™)] Y P{S, =z}Galzy).

ZEA®T

and we can use (3.19) to deduce (3.15). O

3.5 Summary of results

We conclude with a summary of our results. These should probably be titled lemmas
since they will be applied in later chapters to extend Fomin’s identity, and to prove
that discrete excursion measure converges to Brownian excursion measure. Recall
that A" := {x € A : ga(x) > n~/} as in (3.2), and that J,, = {z € A :

|fa(2) — exp{ifa(z)}| > n~'%log’n} as in (3.13).

Theorem 3.5.1. There exists a decreasing sequence €, | 0 such that if A € A", then
2
Ca(0) =~ Tog £4(0) + ko + O(<3), (3.20)

where kg is the constant in (2.18). Moreover, if x, y € ;A with |04(x) —04(y)| > €n,

(7/2) Ga(z) Galy) €n
1 —cos(0a(x) —0a(y)) [1+0( 04(x) — 0a(y)|

Ga(z,y) = )]. (3.21)
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Proof. Let €2 :=n~'/11og?n. Clearly

1
GA(O) =1+ Z |%:1 GA(G).
By Proposition 3.2.2, for any |e| = 1, Ga(e) = (2/7)ga(e) + ke + O(e3) where

k. = ko — a(e). However, it is easily shown that a(e) = 1 so that

G4(0) = % Z %gA(e) + ko + O(ed).

lel=1

But by Corollary 2.4.4, ga(e) = —log f4(0) + O(n™'); hence (3.20) follows. Observe
that if z, y € 0;A, then x, y € A\ A" as a consequence of the Beurling estimates.
Further, if y € 0;A, and [04(z) — 6a(y)| > en, then it follows that y € J,,,. We can

therefore apply the second part of Proposition 3.4.1 and conclude (3.21). O]

Remark. Using Corollary 2.7.3, we can restate (3.21) as

53

02 (0) — 62(9)]

Ga(z,y) =7 Galx) Galy) Hop(e"1,e”2®) [1+O( )l

If we now combine Theorem 3.5.1 with the decomposition of h(x,y) from Propo-

sition 2.11.3, then we may deduce the following.

Corollary 3.5.2. There exists a decreasing sequence €, | 0 such that if A € A", and
xr € 0;A, y € 0A with |0a(x) — 0a(y)| > €, then
(m/2) Ga(z) ha(0,y) &

M) = T osa )~ 02 O @) - )

)l

The following corollary is now the result of combining Corollary 3.5.2 with the
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decomposition of hga(z,y) from Proposition 2.11.4. Compare this result to Proposi-
tion 2.7.8. In a manner similar to Lemma 3.3.4, it gives us the error in (2.29) if we

replace H with h.

Corollary 3.5.3. There exists a decreasing sequence €, | 0 such that if A € A", and

x, y € 0A with |0a(x) —0a(y)| > €,, then

(7/2) ha(0,2) ha(0,y) £

T cosOa@) 0409 - O @~ e

hoa(x,y) =

Our next estimate says that simple random walk starting at 9;A conditioned to
reach the origin before leaving A has a good chance to move away from the boundary

quickly.

Theorem 3.5.4. There exists a decreasing sequence €, | 0 and a constant ¢ such
that for any A € A", © € 0;A, a > &,, if £ = £(n, A, a) denotes the first time j
at which ga(S;) > a, then conditioned on the event that the walk reaches the origin
before leaving A, the probability that

sup [04(5;) — 0a(z)| < afc

0<5<¢
1s at least c.

Proof. If we let €, := n~"/?1log® n, then the result follows from Proposition 3.4.5 and

the remark thereafter. O

Remark. Note that Theorem 3.5.1 holds if €2 > n~/1%1log®n, and Theorem 3.5.4
holds if €, > n~Y21log®n. Since n=Y*10g?*3n > n"1/21log®n, all these results are

valid with e, replaced with n=1/4810g?? n.



Chapter 4

Excursions and Excursion Measure

In this chapter we introduce excursion measure. Although our primary concern is with
excursions in a domain between boundary points, we will need to discuss measures on
curves from an interior point to a boundary point. In the first section, we define an
appropriate metric space of curves (I,d), and develop the associated topology. We
then define an excursion precisely, and discuss several operations on curves including
concatenation, truncation, reversal, and shifting. The most important, however,
is the definition of a curve under a conformal transformation. In Section 4.2, we
discuss measures on arbitrary metric spaces, including transforming measures under
conformal mappings, and how to integrate measures. We also introduce our main
tool for comparing measures, namely the Prohorov metric. In the following section,
these results are specialized to our metric space (K, d). In Section 4.4 we construct
the interior-to-boundary excursion measure and use it in Section 4.5 to construct the
boundary-to-boundary excursion measure for D € D. In Sections 4.6 and 4.7 we
generalize the construction of usp, Hyp, respectively, to arbitrary D € D*. Finally,
we conclude by defining simple random walk excursions in Section 4.8 and discrete
excursion measure in Section 4.9. Recall from Section 2.1 that if D, D’ € D*, then

T (D, D’) denotes the set of all conformal transformations of D onto D'.

o7
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4.1 Metric spaces of curves

We will be considering a variety of measures on spaces of curves; these measures
will be defined on Borel o-algebras of metric spaces of curves. Throughout, a curve

v : I — C shall always mean a continuous mapping of an interval I C [0, c0) into C.

4.1.1 The space K

Let IC denote the set of curves v : [0,¢,] — C where 0 < t, < oo, and write
7[0,t,] := {z € C: 4(t) = z for some 0 < ¢ < ¢,} and similarly for v(0,%,). There

are three natural metrics that we will consider on K. Define the metric

dic(v,7") :=1nf | sup |v(s) =7 (¢(s)) | (4.1)

¢ |o<s<t,
where the infimum is over all increasing homeomorphisms ¢ : [0,¢,] — [0,t,]. Call
¥ a reparameterization of v € K with parameterization ¢ if ¢ : [0,¢,] — [0,5] is an
increasing homeomorphism such that v(t) = 7(¢(t)) for each 0 <t < ¢, If is a
reparameterization of v under ¢, then 7 is a reparameterization of 4 under ¢!, and
we write ¥ ~ 7. Finally, let £* be the set of equivalence classes of curves v € K
under the relation ~, so that the metric df. identifies curves which are equal modulo

time reparameterization. In fact, (¥, di.) is a complete metric space.

Remark. The metric df. is used by Lawler and Werner in [39], and the proof that

(KC*, dy.) is a complete metric space may be found in [3, Lemma 2.1].

In order to account for the time parameterization, however, we let

dc(7,7) = igf [dic(7,759)] i=inf | sup {[7(s) =7 (¢(s)) | +[s—w(s)| }| (4.2)

¥ | 0<s<t,
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where again the infimum is over all increasing homeomorphisms ¢ : [0,t,] — [0,¢,/].
The metric di does not identify curves which are equal modulo time reparameteri-
zation, and, unfortunately, the metric space (K, dx) is not complete.

As we shall see, a convenient choice of parameterization is ¢(s) = t.ss/t,. Define

d(v, 7/) = OS<uI<)1 | 'Y(tvs) - 'V,(tv"S) | + ‘tv - tw”' (4.3)

and note that it is straightforward to verify d is a metric on K.
Proposition 4.1.1. (K, d) is a metric space.

In Section 4.1.2 below, we show that (IC,d) is not complete. Although, we have
dic(7,7") < d(v,7') by definition, it is easily seen that these two metrics are not

equivalent; i.e., there does not exist a constant C' so that d(v,~") < Cdi(v,7).

Lemma 4.1.2. If vy, v € K, then d(y1,72) < dic(71,72) +0sc(y2, 2dic (71, V2)), where

osc(7,d) :=sup{|y(t) —vy(s)| : |t — s| < 8} is the modulus of continuity of .

Proof. If 0 < s < 1, and ¢ : [0,t,,] — [0, %,,] is any increasing homeomorphism, then
with dic(71,72; %) as in (4.2), and s1 1= t,,5, 53 := t,,s, since |y1(s1) — y2(@(s1))| +
[ty = to] < dic(71,725 ) and |p(s1) — s2| < |(s1) = s1] + |s1 — 52| < 2dc (71,725 0),

we conclude that

[71(51) = 72(s2)| < [7i(s1) = 12(p(s1))] + [r2(w(s1)) — 12(s2)]

< dic (71,725 0) = Ity — |+ 0sc(y2, 2dic (71,725 %))

Thus, d(v1,72) < dic(71,72; %) + 0sc(y2, 2dk(71,72; »)) and by taking the infimum

over all ¢, the result follows. O]
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4.1.2 The Banach space X

Since the metric spaces of curves (K, di) and (K, d) defined in the previous subsection
are not complete (as will be shown shortly), we will consider a larger space X', and
identify IC in a natural way with a subspace of X. Since X will be complete, in our
cases of interest we will be able to identify subspaces of (K, d) with closed subspaces
of X, and therefore these subspaces of (IC,d) will inherit completeness.

Let C|0, 1] denote the space of continuous complex-valued functions on [0, 1] with
metric doo(7Vf,75) = SuPg<,<1 |V (r) — 73(r)|. Denote the usual metric on R by abs
so that abs(s,t) := |s — t|. Consider the separable Banach space X := C[0,1] x R
with metric dy := dy + abs. Thus elements of X are pairs (v*,t) where v* € C|[0, 1],

t € R, and the distance between elements in X is

dx((75,9), (13,1)) = sup |i(r) =y ()] +|s —t.
0<r<1

We can embed K into X via ¢ : K — X, v — (v*,t,), where v*(r) = ~(t,r),
0 <r < 1. However, «(K) = {(7v*,t) € X : t > 0} =: X" is not a closed subspace
of X. The metric spaces (X*,dy) and (K, dx ) are isomorphic, where dy x is the

induced metric in K associated to the metric dy in X. That is, if ;, 75 € K, then

L(’h) = (7{715’71)7 L(72) = (’Y;’t’yz)’ so that dX,K(71:72> = d/\’((’ﬁ’t’u)a (7§:t72))' Since
dX((7T7 t'Yl)? (7;7 t’YZ)) = Os<u1<31 |71 (t’nr) - 72<t727a)’ + |t’Y1 - t'yz' = d(717 72) (4'4)

it follows that dy x = d and (K,d) = (X, dx).

Example. Suppose 7 € K is given by y(r) =r+ir, 0 <r <1, and forn =1,2,.. .,

let 7 (r) = nr+inr, 0 < r < 1/n. Notice that 7 = 7* = 7. Thus, «(3) =
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(v ty,) = (7", 1/n) so clearly {(v;,t,,)} is a Cauchy sequence in X', and {v,} is a
Cauchy sequence in (IC,d). Since X’ is complete, it has a limit, namely (7*,0) € X.
However, (7*,0) ¢ X = +(K) so that (7*,0) does not have a counterpart in K. This

shows that (IC,d) is not complete, and illustrates the reason for considering X

However, if the limit does have a counterpart in K (i.e., if (v*,¢) € Xt so that

171 (y*,t) € K), then we have the following positive result.

Theorem 4.1.3. Let (vi,t,) € X forn = 1,2,..., so that v, = (v}, t,) €
KC. Suppose that for some (v*,t) € X, dx((7},tn), (75, t)) — 0. Ift > 0 so that
(v*,t) € X, then v := 17 (v*,t) € K, and dx((7},tn), (7", 1)) — 0 if and only if
dic(Yn,v) — 0 as n — oo, or equivalently, d(v,,~v) — 0 if and only if dic(Yn,y) — 0

as n — Q.

Proof. We begin with proving the second statement. Note that by the definitions of
di and d in (4.2) and (4.3), respectively, dic(Vn,7) < d(7n, 7). For the other inequal-
ity, we have from Lemma 4.1.2 that d(v,,7v) < di(7Vn,7y) + osc(y, 2dic(Yn, 7)) To
prove the first statement, observe that by definition dx((v},%,.), (7", t,)) = d(Vn, ),

as noted in (4.4). O

We see that dix and d generate the same topology on . Thus when we need
to discuss convergence or continuity in C, it can be respect to either metric since
the previous theorem shows that these two notions are equivalent. Such calculations,
therefore, can be made in whichever metric is more convenient for the given problem.

Ifa>0,let Lo ={y€K:t,>a}, and set (IC,) = {(7v",t) € X : t > a} = A,.
Note that X, is a closed subspace of X' so that (X,,dy) = (K,,d) is complete.
However, K, is not complete under dx. As an example, consider 7,(r) = ™, 0 <

r < 1, which is a Cauchy sequence in (K, dx) that has no limit. By Lemma 4.1.2,
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if {v,} is a Cauchy sequence in (K., dx) that is equicontinuous, then it is a Cauchy
sequence in (K4, d) and therefore has a limit. In what follows, we will refer to spaces
of curves which are primarily subspaces of K. As we have seen we can consider such
spaces as (isomorphic to) subspaces of X. Unless it is necessary to explicitly mention

this isomorphism, we prefer to work with (IC, d) rather than (X, dy).

4.1.3 The spaces K(D) and K} (D)

If D is a simply connected proper subset of C, and v € IC, then we say that v is in D
if v(0,¢,) € D. This does not require that either v(0) € D or v(t,) € D. We define
the space K(D) as K(D) := {y € K : visin D}. For z, w € D, let K.(D) be the
set of v € IC(D) with v(0) = z, let K*(D) be the set of v € K(D) with v(t,) = w,
and define K¥(D) := K.(D) N K¥(D). Finally, if I', T € 0D with T N'Y = (), write

’CII(D) = UzGF,wET ’C;U(D>

4.1.4 Definition of excursion

Definition 4.1.4. If v € K(D), then we say that ~y is an ezcursion in D if 4(0) € 0D

and 7(t,) € 0D.

Definition 4.1.5. Suppose that v € K(D). We say v is an excursion from z to w
in D if v(0) = z € 9D and ~(t,) = w € 0D. Equivalently, if v € K¥(D) with z,
w € 0D, then v is an excursion from z to w in D.

Definition 4.1.6. Suppose that v € K(D), and I', T € 9D with TN = (. We

say v is an excursion from I' to Y in D, or a (I, T)-excursion in D, if v(0) € I" and

v(t,) € Y. Equivalently, if v € KX(D), then v is a (T, T)-excursion in D.

Remark. As we will see later, excursion measure jpp (I, T) is concentrated on Kf (D).
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4.1.5 Conformal image of a curve

Suppose that D and D’ are simply connected domains in C, and f : D — D’ is a

conformal transformation. For v € (D), let

As=As = / |f'(y(r)Pdr and o, =0y, = inf{s: A, > t}.
0

If v € K(D) with A, < oo, and if f extends to the endpoints of vy, then we define
the image of v under f, denoted f o~y € K(D'), by setting ¢4, := A, and fo~y(t) :=
f(y(oy)) for 0 <t < A, (or equivalently for 0 < o, < ¢,). Since A, is non-negative,

continuous, and strictly increasing, it follows that o. f, is well-defined.

Example (Brownian scaling). The following is a special case of the above. Let
D be a simply connected proper subsets of C, and for a € C\ {0}, let f,(z) = az.
If v € K(D), then we define the Brownian scaling map %, : K(D) — K(f.(D)) by

setting tg,. := |a*t, and T,y(t) :=a~y (Ja|72t) for 0 <t < tg,..

In particular, if D, D" € D, « is an excursion in D, and f € 7(D, D’) so that f
does extend to the endpoints of ~, then f o~y =: 4 € K(D') is an excursion in D'

Note that t,, = Ay, (or ov, = 1,) and ¥'(¢) = f(y(0r)) for 0 <t <t

Example. As an application of Brownian scaling, suppose that f(z) = (14 ¢)z for
z€D,0<e<1, and let v be an excursion from z to y in D. Then 4" := f o~ is an

excursion from (14 ¢)z to (1 +¢)y in (1 + €)D given explicitly by

Y(t)=(1+e)y((1+e)7%) (4.5)

for 0 <t <t,=(1+¢),.
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Proposition 4.1.7. For each curve v € K(D), there exists a constant C = C(v),
such that if f(z) = (1+¢)z forz €D, 0<e <1, thend(y, fory) < Ce.

Proof. Let o/ := f o~ as defined in the example above, and note that ¢, = (1+¢)?t,.
v g ¥ v

From (4.3) and (4.5), we compute that

d(v,7) = sup [(tys) = (tys) |+ [ty — ty]
0<s<1

= sup [1(t,s) — (1+)7 ((L+2)2tys) [+ ]t — (14,

0<s<1

= ¢ sup |y(t,s) |+ (2¢ + &%)t,,.

0<s<1
Since t, < oo, and v(s) € D, 0 < s < t.,, we can take C' = C(vy) = 1 + 3t,,. O

If £ is a domain containing D and f is analytic and univalent on E (that is, f
is a conformal mapping of E), then it follows from the Koebe growth and distortion
theorem (Theorem 2.1.4) that |f’|, | f”|, and 1/|f’| are uniformly bounded on D, and
the function v +— f o~ from K(D) to K(f(D)) is continuous. If D € D, then since
JD is piecewise analytic, 0D = |J_, I'; for some finite union of analytic curves T';.
Hence, any conformal mapping f of D can be analytically continued across each T';

soy— foy:K(D)— K(f(D)) is continuous; we denote this induced map by f.

4.1.6 Reversal of curves

If v € K, then we define the reversal of v, denoted ~", by setting t,» = t,, and
V() ==ty — 1), for 0 <t <t It is easily seen that d(vy,7") = supg<,<; [v(s) —
y(ty — s)| < diam([0,%,]). Note that for every w € C, v +— 7" is a continuous

map from /C, to K*. Furthermore, if v, n € K, then di(y,n) = di(7",n") and

d(vy,n) =d(",n").
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4.1.7 Concatenation of curves

If v, 72 € K with 7(t,,) = 72(0), then we define the concatenation of v and 72,
denoted v; @ 7, by setting t,, ¢, = t,, +t,,, and

7 (1), ifo<t<t

Y10

7D Yat) =
72(t - t’Yl)? if by, STty

Note that (y1,72) — 71 © 72 is a continuous map from K* x IC,, to K for every w € C.

4.1.8 Truncation operators

If 0 <r < s <t, then we define the truncation operator ©; : K — K by setting
tosy = s —r and ©2y(t) := y(r +t) for 0 <t < tes,. Observe that ©77(0,te:,]| =
v[r, s]. By definition, truncation undoes concatenation. If vy, v, € K with ~(¢,,) =
72(0), then ©g"y @ 72(t) = (1), 0 < t < £y, and Oy © n(t) = 7(t),

0 <t <t,,. Itis easily seen that
0e(0:7,7) < 7+ (£ — 5) + diam(~[0, ]) + diam (5[5, ,]).

Therefore, if 7, — 0+ and s, — t,—, then by Theorem 4.1.3, d(0;"~,~) — 0.

4.1.9 Shift operators

Suppose that v € K. If a € C, then we define the space shift operator 9¢ : K — K by
setting tga, = t, and ¥*y(t) := y(t) + a for 0 <t < tya,. If r > —t, then we define
the time shift operator ¥, : KK — IC by setting ty,, = t,+r and 0,7y(t) := 7(% t) for

0 <t <ty,. Finally, we define the space-time shift operator ¥y := 9% o9, : K — K
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by setting tya, = ty,, =ty +r and for 0 < ¢ < tya,,

9y (1) = < by t) ta

ty+r

Note that d(v,9*y) = |a[, d(v,9,7) = |r|, and d(v,9¢v) = |a] + |7].

4.2 Measures on metric spaces

Throughout this section, suppose that (=, p) is a metric space. Let B, := B,(Z),
the Borel o-algebra associated to the topology induced by p, so that (=,8,) is a
measurable space. A measure on (Z, p) will always be a o-finite measure on (=2, B,).
If m is such a measure, we denote its total mass by |m| := m(Z). If |m| < oo, then
m is a finite measure; otherwise it is an infinite measure. Denote the space of finite
measures on (Z,B,) by M(Z), and the space of probability measures on (=, 5,) by
PM(Z). If m € M(Z) with |m| > 0, we write m# := m/|m/| for m normalized to
be a probability measure; thus, PM(Z) := {m/|m| : m € M(Z),|m| > 0}. Recall
(see [9]) that every finite measure m on (=, B,) is reqular; i.e., if V € B, and € > 0,
then there exist a closed set F' and an open set GG such that ¥ C V C G and
m(G\ F) <e. If V € B,, then we say that m is concentrated on V if m(=Z\ V) = 0.

Observe that V need not be closed.

4.2.1 The Prohorov metric

Definition 4.2.1. If my, my € M = M(Z), let p : M x M — [0,00) denote the
Prohorov metric given by p(my,my) = inf{e > 0 : m(F) < my(FE)) +¢&, my(F) <

my(F®) +¢e VF €B,} where F® = {z € Z: p(r,y) < ¢, some y € F}.
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It is easily checked that (M(Z),p) is itself a metric space. Observe that F)
is Borel, and that symmetry follows since ((F©))© C Fe. If my, my € PM(Z),
then an equivalent definition of @ is given by p(mi,mg) = inf{e > 0 : my(F) <
ma(F©) + ¢ for every closed F € B,}. It is proved in [11, Theorem 2.4.2] that both
metrics on PM(Z) are equivalent and consistent with the Prohorov topology. Also
note that | |mq|—|ma|| < p(mq, ms) < max{|m|, |ms|}; for more details, see [9], [11],
or [19]. The importance of the Prohorov metric is that when (Z,p) is complete
and separable, the Prohorov metric space (M(Z), ) is also complete and separable.
Recall that probability measures m,, converge weakly to m, written m,, = m weakly,
if for every bounded, continuous function h : = — R,

lim [ A(z)m,(dz) :/h(m) m(dz).

n—oo [= =

The following theorem is worth stating explicitly; see [19, pages 363-366].

Theorem 4.2.2. If (Z,p) is a complete and separable metric space, then the metric
space (PM(Z), ) is also complete and separable, where  is the Prohorov metric as in
Definition 4.2.1. Furthermore, if m,, m € PM(Z), then as n — oo, p(m,,m) — 0

if and only if m, = m weakly.

Important Remark. The Portmanteau theorem [11, Theorem 2.1.1] gives several
other conditions equivalent to weak convergence; hence, the Prohorov topology is
known as the topology of weak convergence. Whenever we say a sequence of

measures converges, it will be with respect to the Prohorov metric.

As noted in [11, page 29|, Strassen proved another equivalent definition of p
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consistent with the Prohorov topology is given by
o(mq,mg) = iSIDl?f [inf{e > 0:P(p(X1, X3) >¢) <e}],

where 91 is the set of all = x =Z-valued random variables (X, Y") with £(X) = m; and
L(Y) = ms where £ denotes law. Thus, to show p(m;,ms) < ¢, it suffices to find a

measure m on = X = whose first marginal is m;, whose second marginal is ms, and

m{(z,y) : p(z,y) = e} <e.

Proposition 4.2.3. Let (Z, p) be a metric space, and let X; be (Z, p)-valued random

variables with L(X;) =m;, i = 1,2. If P(p(X1, X2) > ¢) < ¢, then p(my,my) < €.

Proof. Observe that p(m;, my) < e since

mi(F) =P{X, € F} =P{X, € F,p(X,X5) <e} +P{X; € F, p(X1,X3) > ¢}
<P{X, € FO} + P(p(X1, X3) > ¢)

<P{X, € FO} e O

Remark. If (Z, p) is a complete and separable metric space, then to show a sequence
of non-zero finite measures m,, € M(Z) converges to m € M(Z), it suffices to show

that both |m,,| — |m| and p(m#, m#) — 0, as n — oo.

Lemma 4.2.4. Suppose that (Z,p) is a complete, separable metric space, and that

my, me € M(Z). If C > 0, then p(Cmy,Cms) < (C'V 1) p(my,ms).

Proof. Suppose that @(my,ms) = €. To begin, let C' > 1. Then since m;(F) <
my(F©®) 4 ¢ for every F Borel, we have Cmy(F) < Cmy(F©®) + Ce. Since Ce > &,

we have F(&) c F(©4). Hence, Cm,;(F) < Cmgy(F©®)) + Ce. Interchanging m; and
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me gives p(C'my,Cmy) < Ce. Suppose instead that C' < 1. Then since mq(F) <
my(F©) +¢, and Ce < ¢, we have my(F) < mo(F©)) 4 ¢/C. Multiplying by C gives
Cmy(F) < Cmy(F©)) +e. Interchanging m; and my yields p(Cmy, Cmsy) < e. Thus,

we conclude p(Cmy,Cmg) < (C'V 1) p(my, may). O

4.2.2 Transformation of a measure

We begin with the following easily proved change-of-variables result. Note, however,

that a rather abstract version is proved in [8, page 58].

Proposition 4.2.5. Suppose that f is a continuous mapping of the metric space
(Z,p) into the metric space (Z',p"). Then a measure m on (=,8,) determines a

measure m' on (Z',B,y) such that
fom(V') =m/ (V') =m(f~ (V")) (4.6)
for any V' € B,y. Furthermore,

/E, h(z')m'(da') = / b () ()

=/

for any bounded, continuous function h : =/ — R.

Remark. fom € M(Z') is given explicitly by fom(V') :=m({x € Z: f(z) € V'})
for any V' € B, (Z').

Proposition 4.2.6. Suppose that (=, p) is a metric space. If f: (Z,p) — (Z,p) is
an isometry and a bijection, then for every V C Z and e > 0, f~H(V)© = f~1(V ),

Proof. Let x € f~'(V)©. Then there exists y € f~'(V) such that p(z,y) < £ implies

p(f(x), f(y)) < e. Thus, f(z) € VE so that € f~1(V). Conversely, suppose
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that z € f~' (V). Then, f(z) € V©. Therefore there exists y € V such that

p(f(x),y) < e and so p(z, f~*(y)) < e. Thus, z € f~H(V)©. O

/

Proposition 4.2.7. If f : (E,p) — (Z',p') is continuous, m € M(Z), and C is a
constant, then

fo(Cm)=C(f om). (47)

Proof. Since f o (Cm)(V') = (Cm)(f~Y(V")) = Cm(f~1(V')] = C[f om(V")] for

any V' € By (Z') the result follows. O

Proposition 4.2.8. Suppose that (Z,p) is a complete, separable metric space, and
letme M(Z). If frn: (Z,p) = (Z,p); f:(E,p) = (E,p); fu, [, are continuous; and

fn — [ uniformly, then o(f, om, fom)— 0.

Proof. Assume first that m € PM(Z). If p, := f,om and p := f om, then by
Theorem 4.2.2, it suffices to show that u, = p weakly. Suppose that h: = — R is a

bounded, continuous function. Hence, by Proposition 4.2.5, we conclude that

/_ h(z) p(dz) = / ho fulz) p(dz) — / ho f(x) p(dz) = [ h(z)m(dz)

o

since f, — f uniformly. We next consider m € M(Z). If m is the zero measure, the
result is trivial. If |m| > 0, then by (4.7) and Proposition 4.2.4, o(f, om, fom) =

p(Im] (fo om®), Im[ (f om®)) = (Im| V 1) p(fo o m*, f o m#) — 0. =

Corollary 4.2.9. Under the same assumptions as Proposition 4.2.8, if my € M(Z),

and o(fnomy, fomy) — 0 as n — oo, then ©(f, o my, my) — p(f omy,ms).

Proof. Since p(-,-) is a metric, we have by the triangle inequality p(f, o my, my) <
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o(fnomy, fomy) + o(f omi, my), so that

lim sup p(f, o my,ma) < p(f omq, my). (4.8)

n—oo

However, the reverse inequality tells us that p(f o my,mse) < p(f omy, f,, omy) +

©(fn 0 my,ms), so that

liminf p(f, o my,ma) > p(f o my, ms). (4.9)
By combining (4.8) and (4.9), the result follows. O

Essentially the same proof as Proposition 4.2.8 yields the next result.
Proposition 4.2.10. Suppose that m,, m € M(Z). If f : (E,p) — (E,p) is
continuous and p(m,, m) — 0, then p(f om,, f om) — 0; that is,

fom=fo <lim mn) = lim fom,. (4.10)

n—oo n—oo

4.2.3 Integrating measures

We now define a measure by integration which will be a Riemann integral with
respect to arc length measure. Just as in elementary calculus, it can be computed as
the appropriate limit of Riemann sums. Note, however, that this is a weak limit since
we are considering convergence of measures in the Prohorov topology. For integrating
measures in more generality consult, for example, [48].

Suppose that (Z, p) is a metric space (not necessarily complete and separable),
and M(Z) is the space of finite measures on (=,8,). Let I' C C be an analytic

arc that is parameterized by v : [0,¢,] — C with ¢, < oo. Since I' is analytic and
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t, < 00, it is necessarily rectifiable [2], so write ¢p for the length of «. The function
[' = M(Z) given by z +— pu(z,-) is called a measure-valued function. Our goal in this

section is to define the measure

u(e) = / u(z, ) |dz] (4.11)

Consider the measures {u(z,-) : z € I'} € M(2), and let {y(0) = 20, 21,...,2, =

v(t,)} partition I'. Let 2} € [z;_1, 2i], |Az| = |2z — zi-1], i =1,...n, and set
pn() =Y ) [ Azl
i=1

Note that 1, (-) € M(Z) for each n. If lim,, . p,(+) exists in M(Z), with convergence
in the Prohorov metric g, then we define the Riemann integral of the measure-valued

function z € I' — pu(z,-) € M(E) to be this limiting value; that is,

)= [ eIl = lim )

We now give some conditions which guarantee the existence of the Riemann integral.

Proposition 4.2.11. If (=, p) is a complete and separable metric space, and {p,(-)}

is a Cauchy sequence in M(Z), then lim u,(-) exists in M(EZ).

Proof. Since (Z, p) is complete and separable, (M(Z), p) is also complete and sepa-

rable. Thus a Cauchy sequence in M (Z) necessarily has a limit. O

Proposition 4.2.12. If {u,(-)} is a Cauchy sequence in M(Z), and {u, ()} is rel-

atively compact, then lim u,(-) exists in M(Z).

Proof. Recall that a subset IT of M(Z) is relatively compact if every sequence of
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elements from II has a weakly convergent subsequence. Thus, if {p, ()} is a Cauchy

sequence and has a weakly convergent subsequence, it converges in M(Z). O

Recall that {y(z,-) : z € I'} is called tight if for every € > 0 there exists a compact

K such that u(z,Z\ K) < ¢ for each z € I'.

Proposition 4.2.13. If the family {u(z,-) : z € T'} C M(Z) is tight, then the family
{tn(-)} C M(E) is tight.

Proof. Let € > 0, and find K such that u(z,=\ K) < ¢/fr for all z € I, then

n

_ - €
pn(ENK) =Y pu(z, 2\ K)|Az| < EZ|A%| <e. O
=1

=1

Definition 4.2.14. The function z € I' — pu(z,-) € M(E) is continuous at zy € T if
for every € > 0, there exists a 6 > 0 such that p(u(zo,),pu(z1,+)) < e forall z; € T

with ’ZQ — 21| < 0.

Proposition 4.2.15. If z +— u(Z,-) is continuous at zy for all zg € T, then lim pu,,(+)

ezists in M(Z).

4.3 Measures on the metric space (K, d)

We now apply the results of the previous section to the particular metric space (K, d).
Since (KC,d) is not complete, as in Section 4.1.2, we consider the separable Banach
space (X,dy), and identify IC with +(K) =: X" C X. Recall that if (yv*,¢) € X,
then ¢ > 0 so that «~*(v*,t) € K; that is, (X, dx) = (K,d) and By, (X) = Ba(K).

Definition 4.3.1. A measure p on K is defined to be a o-finite measure on the

measurable space (X, By, ) concentrated on X*.
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Thus, if we discuss the measure space (K, B4(K), u), it is really shorthand for
the induced measure space (X, B, (X), u) under the above identification. By Theo-
rem 4.1.3, d and d generate the same topology on K so that By (K) = By (K) =
B(K). Therefore, we will write (IC, B(K),u) = (X,B,,(X), 1) and use whichever
metric on K is most convenient in the given context. Suppose that D, D' € D and
feT(D,D). If y € K(D), then f o~ is well-defined as discussed in Section 4.1.5,
so that f induces a continuous map (K(D),d) — (K(D'),d), which we also denote
by f. By Proposition 4.2.5, if u € M(K(D)) it makes sense to consider the measure
fope M(K(D")) which is given by fou(V') = pu({y € K(D): foy e V'}) for any
V' e B4(K(D'")). Finally, observe that Proposition 4.2.3 gives the following.

Proposition 4.3.2. Let 7,, v be K-valued random variables with L(v,) = p, and

L(7) = p, respectively. If P(d(v,,v) =€) < e, then p(pn, p) <e.

4.4 Interior-to-boundary excursion measure

We now begin our investigation of excursion measure. The interior-to-boundary
excursion measure is essentially Wiener measure, and is constructed formally using
Doob’s h-path transform. The presentation, however, is made with an eye to the
boundary-to-boundary excursion measure construction of the next section. We limit
ourselves to domains D € D, those bounded, simply connected domains containing

the origin with piecewise analytic boundary, and relegate extensions to Section 4.6.

Notation. We write measures of the form mg(x,y) to indicate that there are three
parameters associated with the measure, namely E, z, and y, and that mg(z,y)(-) =
Mpwy(-). As our primary concern is with the measures themselves, and exclusively

in the topology of weak convergence, we choose mg(x,y) over mg ,,(+).
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4.4.1 Definition of interior-to-boundary excursion measure

Suppose B; is a Brownian motion with By = 2, and let Tp := inf{t : By ¢ D}
be its exit time from D. The process X; := Biar,, t > 0, is Brownian motion
killed on exiting D. Let D € D and suppose w € 0D so that the Poisson kernel
Hp(z,w) is well-defined. Define the continuous, positive martingale M by M, :=
Hp (X, w)/Hp(z,w), and the probability PZ by P (A) := E*[M,; A] for A € F,.

Remark. As noted in [5], the law of the process X; under P? is that of Brownian
motion conditioned to exit D at w. This is formalized by the following proposition;

see [5, Proposition (1.6.7), Proposition (II11.2.7)].

Proposition 4.4.1. (P?, X}) is a strong Markov process, and if A € Fr,, then
/ P2 (A)P{ X, € dw} =P*{Xr, € B; A}.
B

where P*{ X, € dw} is harmonic measure in D from z as in (2.21).

Definition 4.4.2. Suppose that D € D. The interior-to-boundary excursion measure
from z to w in D, written pp(z,w), is defined to be up(z,w) := Hp(z,w) - PZ and

the interior-to-boundary excursion measure from z in D, written pup(z), is defined by

up(z) == /8D wp(z,w) |[dwl. (4.12)

The measure on paths up(z) is what is generally called Wiener measure. In other
words, if D € D with z € D, and B is a standard Brownian motion with By = z
stopped at Tp, then up(z) is the law of {B;,0 <t < Tp}. Observe that up(z) is a
measure on K concentrated on I, (D), via the identification in Section 4.3. We also

remark here that if D is piecewise analytic, then we can decompose it as a finite



4. Excursions and Excursion Measure 76

disjoint union 9D = |J;, I';, where each I'; is analytic, so that

/8D pp(z,w) [dw| = Z/F pp(z,w) [dwl. (4.13)

As mentioned in Section 2.6, for any simply connected domain D € C it is well-
known that every point of 0D is regular for D¢ so that both harmonic measure and
the Poisson kernel exist for D. Since we are assuming piecewise analyticity, if D € D,

then the integral in (4.12) makes sense (interpreted as in (4.13)).

Remark. By definition, pp(z, w) is a finite measure with mass |up(z, w)| = Hp(z,w).

As such we can consider the normalized probability measure

/~LD(27 w) _ ND<Z7 w)

# =
(2, w)| - Hp(z,w)

pp(z,w)

=P~ (4.14)

For further work on conditioned Brownian motion in planar domains, see [6] or [13].

4.4.2 Behaviour under conformal transformation

It is well-known that two-dimensional Brownian motion is conformally invariant, and
consequently so too is Wiener measure. We express this as follows. If D, D" € D,
ze€D,and f € T(D,D’), then foup(z) = pp(f(z)). This definition is independent
of the choice of f € T(D,D’); indeed, if f1, fo € T(D,D’) with fi(2) = fa(z) = 2/,
then

froup(2) = pp (f1(2)) = up(2') = po(fa(2)) = fa o pp(2).

Recall from Proposition 2.6.3 that the Poisson kernel satisfies the conformal covari-
ance property Hp(z,w) = |f'(w)| Hp/(f(2), f(w)), provided 0D, 0D’ are locally

analytic at w, f(w), respectively.
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Proposition 4.4.3. Suppose that D, D' € D, and z € D, w € 0D with 0D locally

analytic at w. If f € T(D,D'), and 0D’ is locally analytic at f(w), then

fopup(z,w) = (w)| pp (f(2), f(w)).

Proof. By definition we have that pup(z) = [,, pp(z,w)|dw|. Since fo pup(z) =

wp(f(2)) we have on the one side that

foup(z)= fopup(z,w)|dwl, (4.15)
oD

and on the other that

i F) = [ () . (4.16)
D/
But by changing variables in (4.15), we have

Foup(zw)|dw| = fopp(zw)

dw’|. 4.17
- o ) (.17)

Equating the integrands in (4.16) and (4.17) and noting that since f € T(D,D’) it

can be extended to a homeomorphism of 0D onto 0D’ so that f(w) = w', we have

fo|;j+1(0z),|w) = up (f(2), F(w)). -

Proposition 4.4.4. Suppose that D, D' € D, and z € D, w € 0D with 0D locally

analytic at w. If f € T(D, D), and 0D’ is locally analytic at f(w), then

foup(zw) = ph(f(2), f(w)).
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Proof. By definition we have that

ot (z,w)=fo (2, w) = 1 o Z, W
f :U’D<7 ) f (HD(Z,UJ)> HD(Z,w>f :uD(a )

using Proposition 4.2.7. But by Proposition 4.4.3 and (2.25) it follows that

Uy W@ (PGS )
Totw) ! P ) = (e G o) )~ Mo @ @) o

4.5 Boundary-to-boundary excursion measure

4.5.1 Construction of excursion measure in D

Definition 4.5.1. If z, y € 0D, © # y, then normalized excursion measure on
excursions from x to y in D is the measure on I, concentrated on KY(D), defined by

Jim (1= 2)w,y) = Tign (2, ), (4.18)

where pp(z,y) = Hp(z,y) - p (z,y) for z € D, y € OD as in Section 4.4.1.
Proposition 4.5.2. The limit in (4.18) exists.

Proof. We prove this limit exists using Proposition 4.2.3. Let v € (D) with v(0) =
0, v(ty) = 1. Asin Section 2.9, let fo(2) = == for a € (—1,1) so that f, € 7 (D, D),
fa(0) = —a, and both 1 and —1 are fixed points of f,. Using the exact form of the
Mobius transformation f,, a straightforward computation shows that lim,_.; f, o7y
exists in the metric space (IC,d) where f, o7 is defined as in Section 4.1.5. In

particular, this shows lim, oy ) (—(1 — €),1) =: Tigp(—1,1) exists. For other z and

y, use a composition of Mobius transformations as in the example on page 29. O
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Definition 4.5.3. We define excursion measure on excursions from x to y in D to be
the measure on K, concentrated on K¥(D), defined by psn(z,y) = Hop(z, ) Tigp(z, y)

where Hpp is the excursion Poisson kernel as in (2.27).

Remark. By definition, the mass of excursion measure ps(z,y) is defined to be

|pon(z,y)| = Hon(x,y). Hence,

# pon(T,y)  pon(z,y)
i (z,y) = =
(7:9) lwon(z,y)|  Hon(z,y)

= /jaD(xv y)

Proposition 4.5.4. If f € T(D, D), z, y € 0D, then foMj;éD(x,y) = ugm(f(x), f(y)).

Proof. From Proposition 4.2.10 and Proposition 4.4.4, and writing ¢, := ¢|f’(z)],

fouhp(e,y) = lim fouf((1—c)ry)=lim pf(f(1-e)) f(y))
= lim yZ(f(x) + el f'(@)nge) + ole), f(y))

e—0+

- E}ij%+ ”g(f(ﬁ) +emg) +o(er), f(y))

= 1 (f (@), (). O

Proposition 4.5.5. If f € T(D,D) and x, y € ID with  # y, then

fopon(x,y) = @) f' )| pon(f (), f(y))- (4.19)

Proof. From Proposition 4.2.7, f o usp(z,y) = Hep(z,y) (f o ugﬂ)(x,y) ). But by

Proposition 4.5.4, and Proposition 2.7.7, we have

Hon(z,y) (f o plp(2,y)) = £ @) |f' @) Hon(f(2), fy)) 1 (f (), F ()
= |f"(@)1f (y)| on(f (), f(y))- O
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Proposition 4.5.6. If f, fo € T(D,D), then fi o pop(z,y) = f2 0o pap(x,y) so

that (4.19) is independent of the choice of map.

Proof. If x, y € 0D and f, fo € T(D,D) with fi(x) = fo(x) = 2’ and fi(y) =

foly) = o', then fi o pon(z,y) = [f(@)][f3(y)| uon(2’,y") and fz o pgn(z,y) =
| f5(@)] | f5(y)| pon (2, y'), so that

fropap(x,y) _ |fo(@)1f5)]
f2opon(z,y) (@) W)

Thus if f3 := f; ' o fo, then f3 € T(D,D) with f3(z) =  and f3(y) = y so that by
Proposition 2.9.2, |fi(x)| |fi(y)| = 1. But by the chain rule, |fj(z)| = |f5(x)|/]fi(x)]

and similarly for |f5(y)| so that

fl 0 M8D<x>y>

=1,
fa OMaD(iU>y)

or fio pgp(,y) = fa o pran(z,y), as required. O

Proposition 4.5.7. Ezcursion measure pgp(x,y) satisfies

1
pon(,9) = Jim —pun((1 = 2)a, ). (4.20)

Proof. Recall from the remark on page 68 that to show m, = m weakly for finite

measures, it suffices to show both |m,,| — |m| and p(m#, m#*) — 0. Thus,

1

pon(a.1) = Hool.9) - on(a.) = lim 2H((1 = )2, - Tim (1 = )a.1)
.1 ”
- al—l%l—i- EHD((l - 5)%, y) " Hp ((1 - 8).%‘, y)
1
= tim L (1 — ) ). 0

e—=0+ €
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4.5.2 Construction of excursion measure in D € D

Definition 4.5.8. Suppose that D € D, and z, w € 9D with 9D locally analytic at

both z and w. Let h € T(D, D). Excursion measure from z to w in D is defined by

(2, w) = !
Hop (5 W) = G G )] T (e (a))]

homan(h (), h w).  (4.21)
Proposition 4.5.9. The definition of pop(z,w) given by (4.21) does not depend on
the choice of h € T(D, D).

Proof. Suppose that hy, hy € T(D, D) so that

_ PR ()RS (B (w))
[P (hy ™ (2))] 1B (hy* (w))]

pon(hy ' (2), bt (w)) (hy' o hy) o pap(hy ' (2), hy ' (w)).

Define hsz := h;' o hy € T(D,D) and note that hy' = hy* o hy. Let z := hy'(z) € OD
and y := h ' (w) € OD so that hz'(z) = hy'(2) and hy'(y) = hy ' (w). Then,

[P ()| [P (y)]

= B0 ) gy ] o () )

Hom (.T, y)

By the chain rule,

hy(hy ' () = (hy ") (ha(hy ™ () - hy(hs (z)) =

and similarly for y. Thus we conclude that

hs o pon(hy ' (), hy* (y)) = (b ()] [R5 (hs™ (9))] pon ().

Finally, if h{*(2) = hy'(2) and h{'(w) = hy ' (w), then hy € T(D,D) with hs(z) = =
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and h3(y) = y so that hg o psp(z,y) = pen(z,y), or hy o pap(x,y) = hg o pan(z,y),
by Proposition 2.9.2. O

Proposition 4.5.10. Let D, D' € D, and let z, w € 0D with 0D locally analytic at
both z, w. If f € T(D,D’), and OD' is locally analytic at both f(z), f(w), then

fopop(z,w) = |f'(2)| f'(w)] por (f(2), f(w)). (4.22)

If fi, fo € T(D,D'"), then f10usp(z,w) = foopap(z,w) so (4.22) is independent of

the choice of map. In particular, combining (4.22) with Proposition 4.5.7 yields
= lim — 2, W).
pop(z,w) 5_1,%1+€MD(2+€H w)

Proof. Write f(z) = 2 and f(w) = w'. Let hy € T(D,D), hy € T(D,D’) with
hit(z) = hy'(2'), hyY(w) = hy*(w') so that f = hy o hy*; thus, by Definition 4.5.8,

1 —1 Z/ —1 wl
oo ) = G G 2 et e ()

I A W)
(i ) [ ()] o7 )

But by the chain rule, since h;'(z) = hy ' (2),

P AL aCa)]
and similarly for |f’(w)| so that f o psp(z,w) = |f'(2)| |f(w)| pap (2, w"). O

Suppose that T', T C 9D with T N'T # (). Recall that KX (D) is the set of curves
v :10,t,] — Cin D with v(0) € I and ~(¢,) € T.
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Definition 4.5.11. Let usp(T, T) be the measure concentrated on K[ (D) given by

4on (D) = / / on(z,y) dy] dz]. (4.23)

In order to define ugp(x,y) we required in Definition 4.5.8 that 0D be locally
analytic at both x and y. Since D € D, there are only finitely many points at which
9D is not analytic. If we write I' = (J;_, I'; and T = (Jj_, T; with each I'; and each

T, analytic, then there is no problem in defining

/F/TMaD(:B,y) |dy| |dz| = ii/r /Tj pon(z,y) |dy| |dz].

i=1 j=1

Proposition 4.5.12 (Conformal Invariance of Excursion Measure). Suppose
that D, D' € D and f € T(D,D'). Let T, T C 0D with T N'Y = () be analytic open
boundary arcs, and write I'', X" for the images under f of I, T, respectively. Then,

fopop(I',T) = pop (I, "),

4.5.3 o-finite excursion measures

Having defined excursion measure on excursions from z to y in D for D € D, we now

define two infinite, but o-finite, measures on excursions by integrating along 0D.

Definition 4.5.13. Suppose that D € D and z € 9D with 0D locally analytic at z.

Ezxcursion measure from z in D is the measure concentrated on /C,(D) defined by

won(z) == / popzw) [dul,

As in Section 4.4.1, if 0D is piecewise analytic, then we can decompose it as a
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finite disjoint union 9D = (J;_, I';, where each I'; is analytic, so that

| oty dul =3 [ pon(zw) dul.
oD — Jr

As a corollary to Proposition 4.5.10, we have the following.

Proposition 4.5.14. Suppose that D, D' € D, f € T(D,D’) and z € D so that

f(z) € OD'. If 0D and 0D’ are locally analytic at z and f(z), respectively, then
fonop(z) =f"(2) oo (f(2))-

Proof. By Definition 4.5.13 and Proposition 4.5.10, writing f(w) = w’, it follows that

fonpap(z) = /6Dfoxtap(z,w) |dw] = /m) L' ()] pop (f(2), f(w)) [dw]

=1/'(2) pop (f(2),w') |du|

oD’

= [f'(2)| nap (f(2)). =

Definition 4.5.15. Suppose that D € D. Excursion measure in D is defined by

pop = / pon(2) |dz|.
oD

Theorem 4.5.16 (Conformal Invariance of Excursion Measure). If D, D' € D

and f € T(D,D"), then f o pap = pep:-

Proof. By Definition 4.5.15 and Proposition 4.5.14, writing f(z) = 2/, it follows that

@l (T 14l = [ o () |2

oD’

foum= | fomnon(z) |dz|:/

oD oD

= Kopr- O
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4.6 Extension of pyp to general D ¢ D*

We now extend excursion measure to domains more general than D € D. Recall that
top(x,y), excursion measure from x to y in D, was constructed directly, and then
used to define pgp(a’,y’) for D € D via conformal transformation (Definition 4.5.8
and Proposition 4.5.9). By Proposition 4.5.10 if D, D’ € D and f € 7 (D, D’), then
fopap(z,w) =1 (2)||f (w)| pop (f(2), f(w)), provided z, w € D with 9D locally
analytic at both z and w, and 9D’ locally analytic at both f(z) and f(w). It was
necessary to restrict to D, D’ € D and to require that 0D, 0D’ be locally analytic at
z,y and f(z), f(y), respectively, in order to guarantee that for f € 7(D,D’), both
|f'(z)| and |f'(y)| would exist in (0,00). Excursion measure in D for D € D was

then defined by
poo = [ o) a1 jdw
oD JoD

and it was proved in Theorem 4.5.16 that excursion measure is conformally invariant.

Definition 4.6.1. Suppose that D € D* and f € T(D, D) . Ezcursion measure in

D is defined by

top = f © lap. (4.24)

Of course, this definition holds for any simply connected domain D C C con-
formally equivalent to D provided that 0D is a Jordan curve. A Jordan boundary
is required in order to extend f (Theorem 2.1.2). We restrict to D € D* so that
excursions 7 € K(D) will necessarily have ¢, < co. For example, excursions from 0

to oo in H:= {z € C: Im(z) > 0} do not satisfy this finite lifetime condition.

Definition 4.6.2. If D € D* and I', T € 0D with T N'Y # ), define psp(I', 1) to

be the measure pgp (as in (4.24)) restricted to those excursions v € Kf (D).
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We observe that if D € D, then the definition of usp(I', T) above agrees with
that given by (4.23). A consequence of these definitions is that restricted excursion
measure is conformally invariant.

Proposition 4.6.3. If D, D' ¢ D*; f ¢ T(D,D'); T, Y C 0D withT N'Y # (; and

IV, Y are the images under f of T', Y, respectively, then fousp(I', 1) = pop (I, Y").

4.7 Extension of Hyp to general D € D*

In the present section, we extend the excursion Poisson kernel Hyp to include D € D*.
Recall that if D € D, and I, T C 9D are analytic open boundary arcs with TNY # (),

then for z € I' and y € T, the excursion Poisson kernel Hgp(x,y) exists so that

Hop(T, T) = / / Hop(z, y) |dz| [dy (4.25)

is well-defined. As such, if D’ € D and f € 7(D,D’), then from the confor-
mal covariance of the excursion Poisson kernel (Proposition 2.7.7) we conclude that
Hop(I', ) = Hyp (I, X’) where I, Y’ are the images under f of I, T, respectively.
However, if D € D*\ D, then the above integration is not valid. In Definition 4.6.2
pop (T, T) was defined to be the restriction of usp to those excursions v € KX (D).

For D € D this definition of psp(I", T) is equivalent to defining

4on (D) = / / on(z,y) dz] |dy]. (4.26)

In particular, if D € D, then (4.25) and (4.26) imply

o (.0 = | [ Hop(e.y) s sl
r



4. Excursions and Excursion Measure 87

Definition 4.7.1. Suppose that D € D* and I', T C 0D with T N # (. Let
pap (L, T) be defined as in Definition 4.6.2. The excursion Poisson kernel Hyop(I', T)
is defined to be the mass of usp (I, T); that is, Hyp(T', T) := |uap (T, T)|.

From Proposition 4.6.3 excursion measure pyp(I, T) is conformally invariant.

Thus, we have the following extended version of Proposition 2.7.9.

Proposition 4.7.2. Suppose that D, D' € D* and f € T(D,D’). IfT', T C 0D
with TNY # 0, and I, Y’ are the images under f of I, Y, respectively, then
Hop(L,T) = Hyp (17, Y).

4.8 Discrete excursions

In this section, we define a discrete excursion and formulate the discrete analogues of
the definitions in Section 4.1.4. Since random walk has positive probability of exiting
a set at a fixed point, we will be conditioning on events of non-zero probability. Thus,
the subtleties that arise in the Brownian case with probability zero events are not an
issue here. Let A € A, and throughout this section, assume w, z € A; z, y € 0A. If
S; is a simple random walk with Sy = w, denote the one-step transition probability

p(w, z) :=P*{S; = z}. Asin [15, §3.1], if 74 := min{j > 0: S; ¢ A}, then

o, 719) 1= PP = 2180, =y} = pla, ) 45D (4.27

Z,
(w,y)
defines the one-step transition probabilities of simple random walk conditioned to
exit A at y, where hy is the discrete Poisson kernel as in Definition 2.11.1. Similarly,
if ' C 0A, then
(4.28)
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is simple random walk conditioned to exit A in I'. Note that h 4 is discrete harmonic,
and both (4.27) and (4.28) are examples of discrete h-transforms.

Recall from Section 2.11 that for x, y € A, the discrete excursion Poisson kernel
hoa(z,y) is given by hga(z,y) := P*{S., = y,51 € A}. We now define a discrete

eTCUTSION.

Definition 4.8.1. A discrete excursion in A is a path w = [wp, w1, ..., wy] where
wo € 0A, wy € 0A, |w; —w;q| =1fori=1,... ) k,and w; € Afori=1,...,k— 1.
It is implicit that 2 < k < co. If w = [wy, w1, .. .,ws], define the length of w, written

|wl|, to be k.

Definition 4.8.2. If w is a discrete excursion in A with wy = x and wy, = y, then w

is called a discrete excursion from x to y in A.

Definition 4.8.3. Suppose that I', T € 04 with TN = (. If w is a discrete
excursion in A with wg € I and wy, € T, then w is called a discrete excursion from I’

to Y in A, or a (I, Y)-discrete excursion in A.

4.9 Discrete excursion measure

Throughout this section, suppose that A € A; z, y € 0A; and I', T C JA with
I'NnY = (). Discrete excursions can be generated by starting a simple random walk
S, at x € 0A, conditioning it to take its first step into A, and stopping it at 74 :=
min{j > 0 : S; € 0A}. As such, we define discrete excursion measure to be the

measure that assigns weight 47l to each discrete excursion w. Write this measure

= (1)

as phy () so that
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Similarly, 5% (z,y) denotes the measure on discrete excursions from z to y in A, where
we write gy (7, y) for the measure pgy , (-) using the notation from Section 4.4.

Finally, let

pa (T Z Z tiya (2, y) (4.29)

zel yeY’
denote the measure on (I', T)-discrete excursions in A. Note that the mass of excur-
sion measure pdY (z,y) is P*{S,, =y, 51 € A}, namely the discrete excursion Poisson

kernel; that is, |u5Y% (2, )| = hoa(z,y). Similarly, ©5% (I, T) = hoa(I', T) where

haAPT ZZhaAl’y

zel’ yeT

Remark. Lawler and Werner defined p5Y (w) := (27 4/1)~1 in [39]; this difference only

affects things up to a constant.

We want both discrete excursion measure and Brownian excursion measure to be
measures on the metric space (KC,d). Consequently, we need to associate to each
discrete excursion w a curve @ € K. Suppose that w is a discrete excursion in A, and

—_~—

let cl(A) := AU 0A with associated domain cl(A) C C. We associate to w a curve

—_—~—

wekK (cl(A)) by setting t; := 2|w|, and
- 1
w(t) = W|t/2) T Q(t — LtJ)( W(t/2]+1 — u)Lt/QJ) 0<t <t (430)

Thus, we join the lattice points in order with line segments parallel to the coordinate
axes in Z?, with each segment taking time 2 to traverse. Note that @(0) = wy and
@(ty) = wye|- Using this identification, if w is an excursion from z to y in A, then
pya(z,y) € M(K) and p3) , (@) = 47%.

Remark. Recall from Theorem 3.1.2 that |B; — Sa:| = O(logt). Thus, it is simply a
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matter of aesthetics that a random walk path of |w| steps take time 2|w| to traverse: if

7 is Brownian curve and @ is as above with v(0) = @(0), then |y(t) —&(t)| = O(logt).

Remark. In Section 5.4, we will consider scaling excursions as the mesh of the lattice
becomes finer. As in the case of simple random walk converging to Brownian motion,

we will have to apply the usual Brownian scaling to our discrete paths.

Definition 4.9.1. Suppose that A € A and x,y € JA. Discrete excursion measure
psy (z,y) is defined to be the measure on (/C,d), concentrated on V =V (x,y; A) :=

{7 € K :d(y,®) = 0 for some discrete excursion w from z to y in A} given by

e = ()

for v € V. Note that uiY(z,y)(V) = haa(x,y).



Chapter 5

Approximating D € D* and the Main
Convergence Arguments

In this chapter we consolidate our earlier work, and complete the proof that discrete
excursion measure converges in the scaling limit to Brownian excursion measure.
In particular, we carefully formulate what this convergence means; indeed, one of
the difficulties is constructing an appropriate discrete approximation to D € D* on
which to define the necessary random walk excursions. We begin in Section 5.1 by
recalling the definition of Carathéodory convergence of domains, and in Section 5.2,
we introduce the notation that will be used throughout this chapter. Section 5.3 is
devoted to the proof that our approximate domains Dy € D converge to D € D*.
The following section translates the Green’s function estimates of Chapter 3, which
were originally proved for A € A", into the corresponding results for the 1/N-scale
approximation Dy. In Section 5.5, we are finally able to precisely state our principal
convergence result, namely Theorem 5.5.1. The proof is spread over the final three
sections of this chapter. Specifically, we first show that the discrete excursion Poisson
kernel hyp, converges to the excursion Poisson kernel Hyp for D € D*. We then show
that Brownian excursion measure on DN converges to Brownian excursion measure
on D, and finally we establish estimates in the Prohorov metric g relating discrete

excursion measure on Dy with Brownian excursion measure on Dy € D.

91
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5.1 Carathéodory convergence

Although we will be discussing convergence of domains in C, the usual topological
notion of convergence will not serve us, and instead we define what it means for
sets to converge in the sense of Carathéodory. The main tool is the classic result of
Carathéodory which roughly states that the convergence of domains is equivalent to

the uniform convergence of the appropriate Riemann maps.

Definition 5.1.1. Fix » > 0. Suppose that D, is a sequence of domains with
D,, € D for each n. The kernel of D,,, written ker({D,}), is the largest domain
D containing the origin and having the property that each compact subset of D lies
in all but a finite number of the domains D,,. Suppose that ker({D,}) = D. The
sequence D,, converges in the Carathéodory sense to D, written D,, =" D, if every

subsequence D,,; of D,, has ker({D,,}) = D.

Remark. For completeness, recall that if D,, is a sequence of domains, then

D* :=limsup D,, := [j ﬁ D, and D, := lirri)inf D, = ﬁ G D,,.

k=1n=~k k=1n=k
If D* = D, =: D, then D,, — D topologically.

Definition 5.1.2. A sequence of functions f,, on a domain D converges to a function

f uniformly on compacta of D if for each compact K C D, f,, — f uniformly on K.
A proof of the following theorem may be found in [14, Theorem 3.1].

Theorem 5.1.3 (Carathéodory Convergence Theorem). Suppose that D, is a
sequence of domains with D,, € D* for each n, and let f, € T (D, D,,) with f,(0) =0,
f1(0) > 0. Suppose further that D € D and f € T (D, D) with f(0) =0, f'(0) > 0.

Then f, — f uniformly on compacta of D if and only if D,, > D.



5. Approximating D € D* and the Main Convergence Arguments 93

Cara

Proposition 5.1.4. Suppose that D,, — D with D,,, D € D*. Suppose further that
there exists an E € D* with D, C E for alln, and D C E. If FF: E — D is the
conformal transformation with F(0) =0, F'(0) > 0, then F(D,) < F(D).

Proof. Let f, : D — D, and let f : D — D be conformal transformations mapping
0 to 0 with positive derivative at the origin. By Theorem 5.1.3, the convergence of
D,, to D is equivalent to the uniform convergence of f,, to f on compacta of . Set
h, :=Fo f,and h := F o f, and let K be a compact subset of D. If 2 € K, then
|hn(2) — h(2)| = |F(fu(2)) = F(f(2))] — 0 uniformly as n — oo. O

We now make two observations about increasing sequences. The first is that if
D,, C F is an increasing sequence and f € 7 (F,D) with f(0) =0, f/(0) > 0, then
f(D,) C D is also an increasing sequence. The second is that if D,, is an increasing
sequence, then D, “%" D if and only if D, — D topologically. Indeed, if D, is
increasing, then it is clear that ker({D,}) = ,~, D,, =: D and D* = D, = D.

Having defined what it means to converge uniformly on compacta, we present the

following results. Recall that the metric space (K, d) was considered in Section 4.1.

Proposition 5.1.5. Suppose that F,,, F' are conformal mappings of D. Let D :=
F(D). If F,, — F uniformly on compacta of D, then F, o F~1 — I uniformly on

compacta of D, where I : D — D is the identity map 1(z) = z.

Proof. Let K' C D be compact. Let ¢ > 0 be given. Let K = F~!(K’) C D which
is clearly compact. By uniform convergence, there exists N = N(g, K) such that
|Fo(x) — F(z)| <eforalln> N,z e K. If y € K', then y = F(z) for some z € K.
Hence, if n > N, then |F, o F~(y) — I(y)| = |F,.(x) — F(z)| < &, and the proof is

complete. n
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Proposition 5.1.6. Suppose that F,,, F' are conformal mappings of the unit disk D,
and that F,, — F uniformly on compacta of D. If v € K(D) with |y(0)] < 1 and

|v(t,)| < 1, then d(F, oy, Fo~y) — 0 asn — cc.

Proof. Suppose that v € K(D) with |y(0)] < 1 and |y(¢,)| < 1. Note that v is
not an excursion in . Therefore, there necessarily exists a compact set K C D

such that v € C(K). Consider tp,o, = f |E(y(r))Pdr and tpoy, = Ay =

[ |F"(y(r))]?dr. Since F, — F uniformly on compacta of D, we necessarily have

that F,, — F uniformly on K. Hence, it follows that 5,y — tpo,. Furthermore,

sup |F o y(tpeys) — Fn 0 Y(tr,0y)]
0<s<1

< S |F 0 5(trers) = F 0 (tr,n3)| + [F 01 {t,075) = Fo©3(tr,03)] = 0,
<s<1

Taken together, these imply the result. O]

5.2 Construction of approximate domains Dy

Suppose that D € D* with inrad(D) = 1, and let

1 1
Dfy:={zxe-ZNnD:-8,CD
N {$ N N }7
where S, := = + ([-1/2,1/2] x [-1/2,1/2]) as in (2.1). Let D be the connected
component of D} containing the origin, and set Dy := D\ 0;Dy. As in Section 2.1,
take Dy C C to be the interior of the union of the scaled squares centred at those
x € Dy. We call Dy the 1/N-scale discrete approxzimation to D (with respect to the

origin), and we informally refer to Dy as the associated “union of squares” domain;



5. Approximating D € D* and the Main Convergence Arguments 95

that is,

o 1 . o 1
Dy = int ( U NS‘T> and cl(Dy):= DyUOJDy = U NSx.
zeDn zeDn
Let f € T(D, D) with f(0) = 0, f/(0) > 0. Let I'p, Tp C 0D be (open) boundary

arcs with T'p N Tp = (; that is,
I'p = {ew : 91 <0< 92} and T]D) = {ew : 93 <0< 04},

for some 0 < 0, < 0y < 03 < 04 < 01 + 2m. Define I' C 9D to be the image of I'p
under f, and similarly, let T C 0D be the image of T under f. Let s := sep(I', T)
as in Definition 2.9, and let N be sufficiently large so that s > ¢, 1= n~/*10g?3n
if n > N. If fy € T(D, Dy) with fy(0) = 0, f&(0) > 0, then define T'y to be the
image of I'p under fy, with Ty defined similarly. In Theorem 5.3.4, we prove fy — f
uniformly on compacta of D showing Dy <5 D.

We now define our approximating discrete boundary arcs. If Iy € 9Dy, then
associate to T'y the set Ty C Dy as follows. Let Ty := {z € 0;Dy : % S,NLy # 0},
and then take

1

I'y:={y€dDy: (x,y) € 0.Dy with z € 'y and N

ey C TN}

Similarly, let T be the discrete boundary arc associated to Y y.

Our notation is summarized in the following table.

DcC |DcCC,DeD"|DyCC,DyeD|DyC L7 2NDyec AN

Ip,YpCdD| TI,YCadD Iy, Tn C Dy I'n, TN C 0Dy

Remark. By conformal invariance, it is equivalent to specify either I', T C 9D, or

I'p, Tp C OD. We have (arbitrarily) chosen the latter.
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5.3 Convergence of domains Dy to D

Suppose that D € D* with inrad(D) = 1 and let Dy be the 1/N-scale discrete
approximation to D with associated “union of squares” domain Dy as in Section 5.2.

The following facts are an immediate consequence of those definitions.

Lemma 5.3.1. For each N, Dy € D with cl(DN) C D. That is, Dy is a simply
connected proper subset of D with piecewise analytic boundary. Furthermore, the

lattice cl(Dy) := Dy UODy C D.

Lemma 5.3.2. If z € 9;Dy, y € Dy, and z € dDy, then dist(z,0D) < ¢; N7,
dist(y,0D) < ¢ N7, and dist(z,0D) < cs N~' where ¢; = 22 + 1/v/2, ¢; =
V2 +1/v/2, and c3 = 2V/2.

Proposition 5.3.3. If z € 0,Dy and f € T(D,D) with f(0) =0, f(0) > 0, then

there exists a constant C such that

- ¢

: ¢ ~
dist(f(x),0D) < — and f(Dy) 2 {|z| < N

VN H

Proof. This is an immediate application of the Beurling estimate; see [32, Proposi-

tion 3.8.10]. O
We can now state the main result of this section.

Theorem 5.3.4. The sets Dy converge to D in the Carathéodory sense.

The proof of this theorem requires two lemmas. The first is a simple power series
estimate, while the second gives good bounds on the difference of the image of a
point under two different maps: the identity map from I to DD, and a map which is

“almost the identity.”
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Lemma 5.3.5. If 0 < |z| < 1/2, then |log(1 + 2) — 2| < |z|/2.

Proof. Since

> 1
log(1 +z) = Z (—=1)"! - 2",

n=1

we have

||

N | —

)
2] Y J2]" <
n=1

provided that 0 < |z| < 1/2. O

N[ —

=1
|log(1+ 2) — 2| SZ E|Z|n§
n=2

Lemma 5.3.6. For N > 4C?, where C is the constant in Lemma 5.5.3, suppose that
En is a domain with {|z| < 1 — \/%} CEvC{lz| <1+ \/LN} Let hy : D — Ey
be the conformal transformation with hx(0) = 0 and h'y(0) > 0. Then, there exists a

constant C" such that for |z| <1 — \/Lﬁ,

C'log N
VN

v (2) — 2| <

Proof. Without loss of generality, assume that hy may be extended to an analytic
function in a neighbourhood of D. For if this is not the case, we may approximate hy
by hy.(z) :=r~thy(rz) and take the limit as r — 1—. From the Schwarz lemma (2,

page 135], we can immediately see that 1 — \/_CN < hy(0) <1+ \/Lﬁ Let

v (2) 1= log {hN_@')]

z

so that ky = uy + vy is analytic on D with |uy(z)] < (3/2)CN~Y2 for |z| = 1
using the estimate from Lemma 5.3.5. Thus, the maximum principle for harmonic
functions tells us that |uy(2)| < (3/2)CN~Y2 for all |z| < 1. We therefore conclude

that the partial derivatives of uy at z are bounded by an absolute constant times
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N=12dist(z,0D)~'; whence |k/y(2)| < CN~Y2(1 — |z|)~". Writing
hn(z) — 2 z Cy 1
log |1+ === | | = — |k (0 / ) dw| < <2 |1+ log ——
‘ og[ + . 1 lkn(2)| = |kn(0) + i Ky (w) dw| < N +log -— 7
with Cy = max{C, C1}, we see that if £ > 0 is such that

1
5 lH=e (5.1)

then

hn(z) — 2

z

<2

log [1 + —hN(ZZ) — 1

1
— |z

Since (5.1) holds for some € > 0, we can iterate (5.2) to see that (5.2) must hold for
all |z| such that the right side of (5.2) is less than 1/2. For N sufficiently large, this
includes all |z] <1 - CN~/2, O

Proof of Theorem 5.3.4. Suppose that f : D — D is the conformal transformation
with f(0) = 0, f/(0) > 0, and let fy : f(Dy) — D be the conformal transformation
with fy(0) = 0, f4(0) > 0. Let Fy : D — Dy and F : D — D be the conformal
transformations with Fy(0) = 0, F{,(0) > 0, and F(0) = 0, F'(0) > 0, respectively,
which are defined by setting Fyy = (fy o f)™" and FF = f! = (I o f)~! where
I(z) = z is the identity map from I to D. Finally, let z € D, and let w = f5'(2) so
that Fix(z) = F(w).

We prove that Dy =5° D by applying Theorem 5.1.3 which states that it is
sufficient to show Fy — F uniformly on each compact subset of . Equivalently, we
will show that for each 6 > 0 sufficiently small, Fy — F uniformly for all |z] < 1—.

Fix 0 < 6 < 1/2 and choose M so that M > (3C"6')? where C’ is the constant in
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Lemma 5.3.6. Let N > M. Then by Lemma 5.3.6, we have that for |z] <1 -,

C'log N 2] < (C’ log N 1 —5> N

R I i =S
s Ty N

Our choice of M guarantees that (C,%N . %) < 1 for N > M. By [32, Corol-

lary 3.2.9], if for some 0 < r < 1, |w — z| < rdist(z,0D), then

_ Adist(F(2),0D)

|F(w) = F(2)] < e w2l
Hence, we conclude
4RC'(1 =) log N
Fn(2) = F(2)] = |F(w) = F(2) < .
e by e B
VN 5
where R = rad(D) so that Fy — F uniformly; whence Dy <5' D. O

Corollary 5.3.7. If F € T(D,DD) with F(0) =0, F'(0) > 0, then F(Dy) ' D.

Proof. By Lemma 5.3.1, Dy C D, so Proposition 5.1.4 yields the result. O

5.4 Applying results for A € AV to Dy

Suppose that D € D* with inrad(D) = 1. In this section, we combine our construction
of Dy with Proposition 3.2.3 and Corollary 3.5.3 to restate those results for random
walk on Dy. The most difficult part of this section is keeping track of the notation.

We begin by mentioning several scaling relationships that will be needed through-
out. If S, is a random walk on Z2, then for any r > 0 there is an associated random

walk (which we will also denote by S,,) on the lattice rZ2. In other words, there is
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a one-to-one correspondence between paths from x to y in A on Z?, and paths from
rz to ry in rA on rZ?* Hence if A C Z? and r > 0, then G, a(rz,ry) = Ga(z,y),
where the Green’s function on the left side is for random walk on the lattice rZ?2, and
the Green’s function on the right side is for random walk on Z2. Similarly, we have
hea(rx,ry) = ha(x,y) for the discrete Poisson kernel, and hg.(rx,ry) = hga(z,y)
for the discrete excursion Poisson kernel.

From the conformal invariance of the Green’s function for Brownian motion
(Proposition 2.2.1), it follows that if D € D* and r > 0, then g,p(rz,ry) = gp(x,y).
However, from the conformal covariance of the Poisson kernel (Proposition 2.6.3) and

the excursion Poisson kernel (Proposition 2.7.7), it follows that
rH,p(rz,ry) = Hp(z,y) and r*Hy.p(rz,ry) = Hyp(z,y).

Note that a random walk on Dy is taking steps of size 1/N. Therefore, let

Ay :=2NDy so that Ay € AN, and Ay := (2NDy) = 2NDy € D. Hence, 2/ € Ay
if and only if z := 2//2N € Dy. Suppose ' = 2Nz € AN with z € Dy and
y = 2Ny € AN with y € Dy. Thus, when the above scaling is applied to Ay, we

conclude that

gax (@', y') = ganpy 2Nz, 2Ny) = gp, (2, 9). (5.3)

Recall that we write gp, = gp, as in Section 2.2. In particular, if fp, € T(Dy,D)
with fp,(0) = 0, fp (0) > 0, and fa, € T(Ay,D) with fa,(0) = 0, f4,(0) >
0, then since fa,(2') = fpy(2), gay (@) = gpy(x), and we can write fa,(2') =

exp{—ga,(2') + 04, (2")} and fp,(z) = exp{—gp,(z) + i0p,(x)}, it follows that

Oay(2') = banpy(2Nx) = Op, (). Furthermore, in the random walk case,

GAN (mlv y,) = G2NDN(2N:E7 QNy) - GDN (xv y)7
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and for 2/ = 2Nx € AN with x € 9Dy, we have
hoay (',y') = hoanpy (2N, 2NYy) = hap, (2, y);

similarly, ha, (0,2") = hp,(0,2), and ha, (0,vy") = hp,(0,y).
For Ay € AN, let A% = {2’ € Ay : ga,(2') > N~Y16} which is consistent with

the usage in (3.2). If 2/ € A%, v/ € Ay, then Proposition 3.2.3 implies that
2
Gan (@) = Zgay (@) + ky o + O(N"/*log N).
T

With the above notation in hand, we are finally able to state the following corollaries

to Proposition 3.2.3.

Corollary 5.4.1. Let x € Dy be such that o' := 2Nz € (2NDy)*N =: A%, and let

y € Dy withy =2Ny € Ax. Then,
Goy(@,y) = (2/7) 9oy (2,y) + Ky + O(N /> log N)

where k, is as in Proposition 3.2.2.

Note that k,_,» < cN~%2|z — y|=/2. Thus, if |z — y| > N~2/30 then ky_, =

O(N~7/?%), and we have a refined version of the previous corollary.

Corollary 5.4.2. If x € Dy with 2’ := 2Nz € A%, y € Dy with y = 2Ny € Ay,

and |xv —y| > N=2%/36 then
2 —7/24
GDN(ny) = ;gDN(xvy)—'_O(N IOgN)

We also have the following corollary to Corollary 3.5.3.
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Corollary 5.4.3. There exists a decreasing sequence ey | 0 such that if D € D* with
inrad(D) = 1, Dy is the 1/N-scale discrete approzimation to D, and z, y € 0Dy
with |0py (x) — Op, (y)| > en, then

(77'/2) hDN(O,l') hDN(O,y) 5:]3\[

hopy (1) = L O = o)

= T cos(0on (2) — Oy (1)) )l

We now make several observations regarding excursion measure. Suppose x, y €
0Dy so that ' := 2Nz, v/ := 2Ny € DAy as above. If f(z) = 2Nz, then f €
T (Dy, Ay) with f(0) = 0 and f'(z) = 2N for all 2. Since excursion measure is

conformally covariant /invariant, we are able to conclude that

Recall from Chapter 1 that simple random walk converges in the scaling limit to
Brownian motion provided we scale space and time appropriately. In order to prove
discrete excursion measure converges to Brownian excursion measure, we will need
to apply a similar scaling. Recall from (4.30) that if w is a discrete excursion then
we can associate to it a curve @ € K. Furthermore, recall that the Brownian scaling
map ¥, was defined in the example on page 63. For N € N, write ®n := T /2n) 50
that

1

PnG(t) = 53 WAN?t) for 0<t<tgys=

te |
4N2  2N?2’

(5.4)

Lemma 5.4.4. Suppose that vy, 7' € K. If &y = Tyn) is the Brownian scaling

map defined above, then

1 / / 1 /
— < < — .
AN? d(y,7) < d(Pyy, Pnv') < ON d(v,7")
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Proof. From the definitions of d and ¢y we conclude that

(d(q)ny, (I)N71> = 0S<u1<) |¢N7(5t‘1’1\77> - ¢N7/(St¢NW’)| + |t‘bN'Y - tq’N'y”
<s<1

’tv - t7’|

1
= sup | Y (sty)l + 1z

(st,) - =

PRN— S _— —
oosey 2N V) T ON
so the result follows. O]

Definition 5.4.5. Suppose that D € D* with inrad(D) = 1, Dy is the 1/N-scale
discrete approximation to D, and z, y € dDy. The 1/N-scale discrete excursion
measure fiyp, (7,y) is defined to be the measure on (I, d), concentrated on Vy =
Vn(z,y; D) == {y € K : d(v,Pn®) = 0 for some discrete excursion w from 2Nz to

2Ny in 2N Dy} given by ugp (7, y)(v) == 4N — 4=kl for 4 € V.

As in (4.29),if Ty, Tn C 0Dy with Ty N Ty = 0, then

HEby (O, TN) == D > g (2, y).

zel'y yETN

5.5 The principal theorem

We now state the main result of this dissertation, namely that simple random walk
excursion measure converges to Brownian excursion measure for D € D*.

Note that the limit in (a) is a limit of real numbers, while the limit in (b) is taken
in the Prohorov metric of Section 4.2.1. The proof of this result will be spread over
the next several sections: in Section 5.6 we prove Theorem 5.6.3 establishing (a), in
Section 5.7 we prove Theorem 5.7.1 establishing (b), and finally in Section 5.8 we

prove Theorem 5.8.1 establishing (c).
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Theorem 5.5.1. Suppose D € D* with inrad(D) = 1, and let I', Y C 0D be open

boundary arcs with T N Y = (. For every e > 0, there exists an N such that

1
(a) hopy (Tn, Tn) — ZHaD(F, T) | <e,
(b) p( MZ;&DN(]?J\UTN% MZ;ED(F, T)) S g, (md
(©) o (T ), s (T, Ta)) <<

where Dy is the 1/N-scale discrete approximation to D, Dy € D is the “union
of squares” domain associated to Dy, and I'y, Ty C Dy are the corresponding
discrete boundary arcs with associated boundary arcs T, Tn C ODy, respectively.

In particular, (a), (b), and (c) imply that
Jdim (445, (Uy, T, pon(I', 1)) = 0. (5.5)

Remark. Notice that in (a) we will prove directly that 4hgp, (I'n, Yn) — Hop(I, T)
without establishing any estimates relating hap, (I'n, Tn) to Hyp (f‘ N, T ~). This is
in contrast to (b) and (c) where it is vital to establish this second kind of estimate.
It is a direct consequence of the definitions of Section 5.2 and Proposition 4.7.2 that

HaDN(fNa Tn) = Hyp(T,T), thus eliminating the need for the intermediate step.

Although excursion measure pgp is an infinite measure, its restriction pugp(I', T)
to any pair of disjoint boundary arcs I', T is finite. Theorem 5.5.1 implies that for
any such pair p(4ugp (Un, Tn), pap(L, T)) — 0 which is, in fact, a reasonable way
to define Prohorov convergence of the measures ujy, ~to the infinite (but o-finite)

measure fyp. Hence, the conclusion (5.5) can be re-formulated as follows.

Theorem 5.5.2. If D € D* with inrad(D) = 1 and Dy is the 1/N-scale discrete

approximation to D, then o( 4 gy, prap ) — 0.
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5.6 Convergence of 4hyp, (I'y, Tn) to Hyp(I', T)

The goal of the present section is to prove that if D € D* with inrad(D) = 1, and T,
YT C 0D are disjoint open boundary arcs, then 4hgp, (I'n, Tn) — Hop(I', T) using
the notation from Section 5.2, therefore establishing Theorem 5.5.1 (a). We begin

with the following extension of Proposition 2.7.8.

Lemma 5.6.1. If D € D* and ', Y C 0D withT N'Y # (), then

27THD(0, F) HD<0, T)
1 — cos(spr(I", 1))

27THD(O, F) HD(O, T)
1 — cos(sep(I', 1))

S HQD(Fa T) S

where Hop(I', Y) is as in (2.30), and Hp(0,1'), Hp(0,Y) are as in (2.28).

Proof. Suppose first that D € D, and that I, T are analytic open boundary arcs.

Then from Proposition 2.7.8, we conclude that for all x € I' and for all y € T,

2nHp(0,2)Hp(0,y)
1 — cos(spr(T', 1))

2nHp(0,2)Hp(0,y)
1 — cos(sep(T', 1))

S H@D(xa y) S

Since D € D, and I', T are analytic there is no difficulty integrating along I", T.
Hence the conformal covariance of the excursion Poisson kernel (Proposition 2.7.7)

implies
27THD(O, F) HD(O, T)
1 — cos(spr(I', 1))

27THD(O, F) HD(O, T)
1 — cos(sep(I', 1))

S H@D(Fa T) S

Now, suppose D' € D* and let f € T(D,D’). Write I, Y’ for the images under f of
[, T, respectively. The conformal invariance of harmonic measure yields Hp(0,I") =
Hp(0,I") and Hp(0,Y) = Hp(0,Y’). (Indeed this holds for all domains D € D*
since 0D is regular.) From Proposition 4.7.2, we know that Hyp(I', T) = Hop (I, Y7).

Combining this with the previous part yields the result. O]
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Let f € T(D, D) with f(0) =0, f’(0) > 0. Analogous to Section 5.2, by rotating?
if necessary, it is possible to find 0 < 6; < 6, < 03 < 64 < 27 such that I', T, are
the images under f of I'p, Yp, respectively, where I'p := {e?? : 6, < § < 65} and
Tp = {ew/ 103 < 0" < 04}. Define the length of I', written (r, to be length of I'p so
that /r := 6y — 0. Note that while ' may not even be rectifiable, we are defining
length in the unit disk, where the length of a boundary arc is well-defined. Similarly
define fy := 0, — 65.

The notion of length that we are using is really harmonic measure. The length
of I' C 0D is the probability that a Brownian motion exits D at I'; that is, the
harmonic measure of I". For the unit disk, harmonic measure and Lebesgue (arc
length) measure correspond on 0D.

It then follows from Proposition 2.7.4 that

1 — COS(93 — 92) (92 — 81)2 + (04 — 93)2 64 — 93 ‘92 — 01
_1
—cos(ba—6,) (0s— 0,2 AU R s

o(PmtaE)

and so if (05 — 605), (04 — 61) are fixed, we conclude that

1— COS(03 — 02)

1 — cos(fy — 61) =1+ 0(0s—03) + O(02 — 61)

as (04 — 03) — 0, (A — 6;) — 0. In particular, this shows that as fy — 0, {r — 0,

1 — cos(sep(T', Y))
1 — cos(spr(T", 1))

=14+ O(ly)+ O(¢r). (5.6)

Thus, we have proved the following lemma.

!Both the excursion Poisson kernel for D and excursion measure in ID are rotationally invariant.
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Lemma 5.6.2. If D € D*, then for any n > 0 there exist open boundary arcs T,
YT COD withT NY =0 such that

1 — cos(spr(I", 1))
= 1 — cos(sep(I', 1))

<1+mn.

Note that the lower bound holds automatically by the definitions of separation

and spread.

Remark. Lemma 5.6.1 and (5.6) together imply that as ¢+ — 0, {p — 0,

QWHD(O, F)HD(O, T)
1 — cos(sep(I', Y))

Hyp (I, Y) = [1+O(fy) + O(fr))].

Theorem 5.6.3. For every D € D* with inrad(D) = 1, and for every pair of open
boundary arcs T', Y C OD with T N'Y # 0, if Dy is the 1/N-scale discrete approi-
mation to D, and Iy, Ty are the discrete approximations to I', T, respectively, as

in Section 5.2, then 4hsp (Un, Tn) — Hop(I', Y).

Proof. Consider D € D*, and let I, T C 9D be (open) boundary arcs with TN = ().
Find M so that sep(I', Y) > ey = N-1/48 log?® N for N > M. Throughout this
section, let N > M. Let Dy be the 1/N-scale discrete approximation to D with
associated “union of squares” domain f)N, and let fN, T N C 3DN with associated
discrete boundary arcs I'y, Ty C 0Dy. From the definitions of separation and
spread, and from Corollary 5.4.3, since I" and T are fixed so that sep(I', T) = O(1),

it follows that

22 oy G 2o ) (1.4 0(e3)
(7/2) hpy (0,) hpy(0,y)
< hopy (,y) < 1 — cos(sep(I", 1))

[1+ O(e%)]-
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Summing over all x € I'y and all y € Ty yields

hDN (0) FN) hDN (07 TN)
1 — cos(spr(T", 1))

< (2/m) hopy (Pn, Tw) <

[1+0(x)]

hpy(0,T'n) hpy (0, T)
1 — cos(sep(I', 1))

[1+ O(e)]-

where we have written hop, (U'n, Yn) == >, cr D _yer, hopy (2, y) and similarly for

hpy(0,T'y) and hp, (0, Y y). However, from Proposition 3.1.6,

hpy (0,Tn) hpy (0, Tn) = Hp (0,T') Hp, (0, Ty) +O0(6y),

where dy := N~"/%log N, so that we conclude

HDN(O7 f‘N) Hf)N (Oa TN)
1 — cos(spr(T", 1))

+0(0x)] [1+ O(ey)]

Hp (0.Tn) Hp (0, Ty)
1 — cos(sep(I", 1))

< (2/7) hopy (T'n, Tw) < | + O(6n)] [L+ O(e})]-

Now, as we let N — oo, it follows that

Hp(0,T) Hp(0,Y)
1 — cos(spr(I', 1))

< (2/m) liminf hop, (T, Tw)

| Hp(0,T) Hp(0,7)
< (2/m) 1 Ty, T) <
< (2/7) 1]r51_§oliphaDN( v Tw) < 1 — cos(sep(I', 1))

However, Lemma 5.6.1 implies that

1 — cos(sep(T', 1))
1 — cos(spr(T", 1))

HaD(F,T) S 4 h]{fllil’lfhaDN(FN,TN)

1— r,r
<4 limsup hop, (I'n, T) < cos(spr(I’, 1))

Hyp(I', 7).
Neoo ~ 1 — cos(sep(I', 1)) op(l, )
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For any n > 0, let {I';}, {;} be finite partitions of I', T, respectively, with

| < 1 — cos(spr(I';, T;)) <14

~ 1 —cos(sep(I';, T;))

Note that such a partitioning is possible by Lemma 5.6.2. Hence, the equation above

becomes

1 — cos(sep(I';, 1))
1 — cos(spr(I';, T;))

HaD(Fi, T]) S 4 11]\er Hlf hc’)DN (FN,ia TNJ)

| 1 — cos(spr(I';, T;))
<41 hopy (Ui Tovg) < T,
< 111\?_?0111) BDN( N, N’J) -1 COS(Sep(FiaTj))

H@D(Fiy TJ)
Summing over ¢ and j and noting that

>N Hpp(Ti,Yy) = Hop(T,Y), and Y > hap, (Tni Tng) = hopy Ty, T
— £ =

1 J

since {I'n;}, {Tn;} partition {I'y}, {Yn}, respectively, gives

(1+n) "Haop(T,Y) < 4 lim inf fop,, (T, T )

<4 limsup hop, (I'n, Tv) < (1 +n)Hop(I', Y).

N—oo

Since > 0 was arbitrary, we conclude that 4hgp, (I'n, Yn) — Hop(I', T) as N — oo,

as required. 0

5.7 Convergence of “?DN(fN’TN) to u?D(F, T)

We now prove Theorem 5.5.1 (b) via a result which basically says that an excursion

in D can be thought of as an excursion in Dy with Brownian tails.
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Theorem 5.7.1. For every D € D* with inrad(D) = 1, and for every pair of open
boundary arcs T, T C 0D with T N'Y # 0,

lim p(pfy (Cn,Tw), php(T, 7)) =0 (5.7)

N—oo

where Dy is the 1/N discrete approzimation to D with associated domain Dy € D,

and corresponding boundary arcs f’N, TN C 8DN as in Section 5.2.

By conformal invariance, we can define excursion measure ,ugD(F, T) to be either
the measure f o ,LL?D(FD, Tp) for f € T(D, D), or pgp restricted to those excursions
v € KE(D) (and normalized by Hpp(I',T)). Also using conformal invariance, we

have “ng(fN’ TN) = fyo ufD(FD, Tp) for fy € T(D, f)N), so that we conclude

iy (O, ) = (fv o f7) 0 (T, ). (5.8)

As noted in the remark on page 104, in order to show the convergence of the masses
hopy(Un, Tn) to Hop(I', T), the intermediate step of showing

lim Hyp (Cw, Tn) = Hop(I, 1) (5.9)

N—oo

is unnecessary because, as explicitly seen in (5.8), of the conformal invariance of
the excursion Poisson kernel: H 8DN(f‘ ~.Tn) = Hyp(T',Y). However, in contrast to
the excursion Poisson kernel, it is not simply a matter of applying the conformal

invariance of excursion measure to conclude that (cf. Proposition 5.1.6)

o((fvof ) ouhp(T,Y), uhp(T, 1)) — 0. (5.10)
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Proof of Theorem 5.7.1. Suppose that D € D* with inrad(D) = 1, and associated
“union of squares” domain Dy. As mentioned in Lemma 5.3.2, if z € dDy, then
dist(z,0D) < 2v/2 N71. Tt follows from the Beurling estimates that Brownian motion

started at z is likely to exit D quickly and nearby; that is,

P*{diam B[0, Tp] > N~/?} <CN-Y* and P*{Tp > N2} <CN%8  (5.11)

Unfortunately, if 2 € T'y, it may be extremely unlikely that {Bp, € T'}. This
will be the case, for example, if z and [' are on opposite sides of a “channel” (or
“fjord”). However, since Dy = D by Theorem 5.3.4, for fized D € D*, fixed
disjoint open boundary arcs I, T, and for every € > 0, there exists an N such that
max{dist(I'y, '), dist(Ty,T)} < e. The following is then a consequence of (5.11)

and easy bounds on the Poisson kernel.

Lemma 5.7.2. For every ¢ > 0, there exists an N such that for all z € Ty,

P*{Tp > ¢ or diamB[0,1p| >¢ or Br, ¢I.} <e (5.12)

where I'. :={z € 0D : dist(z,I") < e}.

Suppose that 7 : [0,t,] — C is a (I'y, Ty )-excursion in Dy. Let by : [0,t,] — C
be a Brownian motion started at (¢,) and stopped at t,, := inf{t : by(t) € D},
its hitting time of 9D. Let b’ : [0,ty] — C be an independent Brownian motion
started at v(0), stopped at t, := inf{t : ¥/(t) € D}, and set by(t) := b'(ty —t). If
¢ := by @& v @ by, then by construction ¢ : [0,¢;] — C has ((0) € 9D, ((t;) € 9D,
0 < t¢ < o0, and ¢(0,t:) C D. In other words, ¢ is an excursion in D. Unfortunately,

¢ is not necessarily a (I', T)-excursion in D, but with high probability is very close to
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one. Indeed, if we denote by vyp (I, T) the probability measure on paths obtained
by this (f‘N,TN)-eIcursion in Dy plus Brownian tails procedure, then it follows

from (5.12) and Proposition 4.3.2 that for every ¢ > 0 there exists an N such that
P(d(¢,7) > ¢) < e and therefore p(vyp (T, T)’“ng(fN’ Ty) <e.

The proof is completed by noting that p(v,p (T, 1), ui,(T,T)) — 0 as a con-
sequence of Proposition 4.5.10: (I", T)-Brownian excursions in D are generated by

starting ¢ from I" inside D and conditioning the Brownian motion to exit D at T. [J

As in the discussion preceding Theorem 5.5.2; we can use (5.7) and (5.9) to define

the convergence of the infinite measures pyp . to pop.

Theorem 5.7.3. If D € D* with inrad(D) = 1, then o(yp, , fop) — 0 where Dy

is the 1/N-scale discrete approximation to D with associated domain Dy.

Remark. It must be noted, however, that by Theorem 4.5.16 and Definition 4.6.1,
we define excursion measure up for D € D* by conformal invariance. Let fy €
T (D, Dy) as above, and also suppose that f € 7(D, D). Hence, topy = fn o pop
and fipp = f o pap so that pyp = (fnv o f™Y o ppp as in (5.8). Thus, we can
rephrase the conclusion of Theorem 5.7.3 as p( (fx o f') o pap, pop) — 0; compare

this with (5.10).

5.8 Estimating g M%ﬁ(FN,TN), MjﬁN(fN;TN>)

In this section we establish Theorem 5.5.1 (c) by proving the following result.
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Theorem 5.8.1. For every D € D* with inrad(D) = 1, for every pair of open
boundary arcs T, T C 0D with TN'Y # 0, and for every € > 0, there exists an N

such that

oo (Cn, Tw), s (D, Twv)) < e (5.13)

where Dy is the 1/N discrete approximation to D with associated domain Dy eD

and corresponding boundary arcs I'n, Ty C ODy; f‘N, TN C GDN as in Section 5.2.

In order to prove (5.13), it will be necessary to use Theorem 3.1.2 and the strong
approximation of Proposition 3.1.5. Hence, let Ay := 2NDy so that Ay € A",
and write I'y 4 1= 2NT'y, Ty a := 2NYTx C 0Apn for the corresponding boundary
arcs. Suppose further that N is chosen large enough so that dist(I'y.a, Tna) >
N'¥/16_ Since D € D*, it follows that Ay is necessarily bounded so that rad(Ay) =<
inrad(Ay) < N, and furthermore, |Yx 4| < [I'yv.a| < N where all of the constants

may depend on D.

Proof. Suppose that x € A% = {z € Ay : gay(z) > N7/} and let S be a simple
random walk with Sy = x. As in the proof of Proposition 3.2.3, it follows from the
Beurling estimate that dist(z, 0A) > CN/8. Hence, a straightforward gambler’s ruin
estimate shows that P*{S, € Ty 4} =< NY1¢ where 7 = 74, := min{j : S; € 9A}.
The coupling of Brownian motion and random walk provided by Corollary 3.1.3 is so
strong that even conditioning on the rare event {S; € Ty 4} does not uncouple the
processes. Hence, there exists a Brownian motion B, a simple random walk S with

By =Sy =z, and a constant C' such that

1
— B, — S
\/5 t t

P ( sup > Clog N ’ S, € TN,A> < CON78. (5.14)
0<t<r
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Our strong approximation (Proposition 3.1.5) allows us to conclude that conditioned
on {S; € Ty 4}, Brownian motion and simple random walk starting N /8 away from

the boundary still exit near each other; that is,
P* (|Br — S;| > CNY*log N | S, € Tya) < ON7VI6 (5.15)

where T' = Ty, := inf{t : B, € dAy}. The time version of the Beurling estimate

(Corollary 2.5.3) says that P*{|T — 7| > r2 dist(x, 0A)?} < Cr~/2. Hence,
P’ (|T — 7| > CN'2log’ N | S, € Ty,a) < CN-V1S, (5.16)

We can now use Proposition 4.3.2 to deduce statements about convergence in p from
statements about convergence in d. In particular, let v : [0,¢,] — C be given by
ty =T, y(t) == B, 0 < t < t,, and associate to the random walk S the curve
@ : [0,t3] — C as in (4.30), so that from (5.14), (5.15), and (5.16), we conclude that
P (d(%(b) > CON'/2log? N) < ON~'16 and using Lemma 5.4.4, we can scale our

results to Dy
P (d(®y7y, Py@) > CN™V?1og? N) < P (d(y,&) > CNY?log? N) < N~/16 (5.17)

where ®y := T;/on) is the Brownian scaling map as in (5.4). Let Vi 4 be the set
Vioa = {z € Ay : dist(z, Ty a) < CNY4log N}, let Viy.a be the associated subset
of Ay, and let 2NVy = VN,A- It then follows that L(Pyw) = ,ug']’v#(x, Ty) and
L(PNy) = ,u%N(:c, Vy). Since N~'/2log N « N~'/16  Proposition 4.3.2 and (5.17)
yield

(Ui (@, T), pl (w,Viy)) < ONT, (5.18)



5. Approximating D € D* and the Main Convergence Arguments 115

As in the proof of Proposition 3.1.6, Hp_(x,Vy) = Hp_(z, Tn) + O(N~3/*log N),
so it follows that

(it (2, T),pf (2,Vx)) < ON~**log N. (5.19)

Combining (5.18) and (5.19) then yields p(uf:"(x, TN),,LLgN(ZB,TN)) < CN~/16,

and, in particular, if y € A}, with |z — y| < C'log N, then
D (2, TN ), ik (y, Ty)) < CN-HI6 5.20
@(MD (I7 N)7 MDN(y7 N)) = . ( . )

To complete the proof, suppose that S’ is a simple random walk on the scaled lattice
o 2%, and let Dy = F Ay so that Dy = {z € Dy : gpy(z) = N1} by (5.3)
where gp, is the Green’s function for Brownian motion on Dy. Also recall from
Theorem 5.3.4 that Dy <" D. Hence, if ny = n(D,N) := min{j > 0 : Sh €
Dy U DS} as in Lemma 3.4.2 and € Dy \ D}, then for every € > 0, there exists
an N such that

P (ny > €| S, € Dy) <e. (5.21)

Furthermore, using Lemma 3.4.2 again, we can find constants C', a such that

P*{ max |[fn, () = fo, ()] > N~/ log N} <C N, (5.22)
0<5<n—-1
and
P* (|fpy(S)) = fou(x)| = N"V0log N| S, € Dy) < C N~ (5.23)

Suppose further that B is a Brownian motion started at € Dy \ D%. As in

Lemma 5.7.2, if iy = 7(D, N) := inf{t > 0: B, € D% U D5}, then for every € > 0,
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there exists an N such that
P* <77N > ¢ or diam B[0,ny] > € ‘ B;, € ﬁ}) <e. (5.24)

If we let 7 : [0,t5] — C be given by ts := fjy, (t) := B, 0 < t < t5, and associate
to the (scaled) random walk S’ the (scaled) curve & : [0,t5] — C as in (5.4) (i.e.,
Brownian scaled in both time and space), then letting v = 7® Py and w =
W' & Pyw we see that L(y) = ”?DN Ty, Ty) and L(w) = /fa‘%ﬁ(f‘N, Ty). Hence, by
combining (5.21), (5.22), (5.23), and (5.24) with (5.20), we conclude that for every

e > 0, there exists an N with

o5t (D, Tw), il (D, Tw)) < e O



Chapter 6

Loop-Erased Random Walk and Fomin’s Identity

In this chapter we extend a result due to S. Fomin [18] which relates a particular
functional of loop-erased random walk to the determinant of the matrix of hitting
probabilities of simple random walk. In fact, the motivation for this extension is the
following quote which is taken from [18, page 3580]. We remark that the Theorem 7.5
referred to in the quote is reproduced below in Theorem 6.3.2.
In order for the statement of Theorem 7.5 to make sense, the Markov
process under consideration does not have to be discrete.... The proofs
can be obtained by passing to a limit in the discrete approximation. The
same limiting procedure can be used to justify the well-definedness of the
quantities involved; notice that in order to define a continuous analogue of
Theorem 7.5, we do not need the notion of loop-erased Brownian motion.
Instead, we discretize the model, compute the probability, and then pass
to the limit. Omne can further extend these results to densities of the

corresponding hitting distributions. Technical details are omitted.

Since we have proved that discrete excursion measure converges to Brownian ex-
cursion measure (Theorem 5.5.1), we are now able to supply these “technical details.”

In the first section, we define our conformally invariant scaling limit which extends

117
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the results of Sections 2.7 and 4.7. We then review the definition of loop-erased ran-
dom walk originally introduced in [27]. In Section 6.3, we summarize the results of
Fomin from [18]. Finally, in the remaining section, we establish Theorem 6.4.2 and

resolve the conjecture.

6.1 The excursion Poisson kernel determinant

We now extend the results of Sections 2.7 and 4.7 on the excursion Poisson kernel
Hyp to the case of the determinant of the matrix of excursion Poisson kernels. The

conformally invariant Hyp will turn out to be the scaling limit in Fomin’s conjecture.

Definition 6.1.1. Suppose that D € D, ' € 9D, i = 1,...,k, and 3/ € 9D,

j=1,...,k. Let Hyp = [Hop(2*,y")|1<i j<k denote the k X k hitting matriz

Hop(z',y') -+ Hap(at,y®)
HBD =

H(?D(xk7y1) HaD(xk7yk)

where Hyp(z',y?) is the excursion Poisson kernel as in Definition 2.7.1.

A straightforward extension of Proposition 2.7.7 is that the determinant of the

hitting matrix of excursion Poisson kernels is conformally covariant.

Proposition 6.1.2. If D, D' € D; %, v/ € dD; 0D s locally analytic at z°, 3’ ;
f: D — D" is a conformal transformation of D onto D'; and 0D’ is locally analytic

at f(x%), f(y?),i=1,...k, j=1,...k, then

k

det Hyp = (H F @ (y )’> det [Hop/(f(2), f(¥7)1<ij<k-
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Proof. To define the determinant, we follow [47, page 232]. For any ordered k-tuple
of integers (ji,...,Jjx), let o(ji,...,jx) = [l,,s8n(jy — Jp) where sgn(z) = 1 if
z >0, sgn(z) = —1if 2 <0, and sgn(z) = 0if z = 0. If A is the k x k matrix

A = [a(2',y7)]1<i j<k, then we define
det A = Za(jl, cgna(zt ) e a(ak yr)
where the sum is over all ordered k-tuples of integers (ji,...,Jjx), 1 < j; < k. Thus,

det Hop = > _0(j1,---,jx) Hop(a', ") -+ Hop (", y™*)

o

k k

=> ol [T T )

k
= (H £ ()] If’(yj)|> Y oG s Hoor (f (), f(y™)) - - Hopr (f (), (™))

o

Hop (f(21), f(y™)) - - Hopr (f(2F), f(17))

k
= (H |/ (a)] |f’(’yj)|> det [Hop: (f(2), F(y")hi<ij<k O

The next result is immediate from Proposition 2.7.8, and elementary properties

of the determinant.

Proposition 6.1.3. If D € D, and 2, v € 0D with 0D locally analytic at z°, v,
1<4,5 <k, then

k
det Hpp = (27T)k (H HD(O,xj) HD(O’yj)> det [1 — cos(fp(

j=1

1

z') — Op(y7)) 1<i,j<k '

As an extension of Proposition 2.7.9, the integral of the determinant of the hitting

matrix of excursion Poisson kernels over an appropriate set is conformally invariant.
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Proposition 6.1.4 (Conformal Invariance of Integrated Excursion Poisson
Kernel Determinant). Suppose that D € D, and let I', T C 0D be analytic open
boundary arcs with T N YT = 0. Let D' € D, and suppose that f € T(D,D') with
f(0) =0, f'(0) > 0. Write I', X' for the images under f of I, T, respectively. If

Hon(T, Y3 ) = / / det[Hop (217 )< yer A |-~ A2 [dg] - - |yt
Tik) JV(Dik

where V(T k) == {(zt,...,2%) : 2* € T)2! < -+ < 2} and similarly, V(T;k) =

{W' ...y e Tyt <o <yF}, then
Hop(T', T5 k) = Hop (I, T'; k).
Proof. By definition,

Hop(T, T k) = / / det Hyp |dz| |dy|
Tik I:k)

where Hyp is the k x k hitting matrix as in Definition 6.1.1. Thus,

/ / det[Hop(z', y")h1<ij<n [dz| |dy|
Tik) JV(Tik

k

- /V(T;k) /V(F;k) detlHop (£(2), f(5") <= (H F @ (y |> |dz| |dy|

N / / det[Hop: (u', v")] 1< j<n |dul] - - [du®[ |dv'] - - |do”|
V(1K) JV (T -
by changing variables, and the proof is complete. O

Notice that our proof that Hyp is conformally invariant relied on the fact D € D

so that integration along the boundary is justified. We now extend Hgp to D € D* by
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conformal invariance. This is exactly analogous to Section 4.7 where the integrated
excursion Poisson kernel Hyp(I', T) was extended to D € D*. We remark that this

definition is independent of the choice of conformal transformation f € 7 (D, D).

Definition 6.1.5. Suppose that D € D* and f € T(D, D). Let I'p, Tp C 9D be
open boundary arcs with 'y N Tp = (), and write I', T for the images under f of I'p,
Tp, respectively. For integers k > 2, the k-fold integrated excursion Poisson kernel

determinant Hpp is defined by

HaD(F,T;/{Z> = HaD(FD,TD;/{J>. (61)

6.2 Definition of loop-erased random walk

In this section, we briefly review the definition of the loop-erased random walk. The
main reference for this material is [28, Chapter 7]. See also [29] for a more elementary
overview. Since simple random walk in Z? is recurrent, it is not possible to construct
loop-erased random walk by erasing loops from an infinite walk. However, the loop-
erasing procedure that we are about to describe makes perfect sense since it assigns
to each finite simple random walk path a self-avoiding walk.

Let S = S[0,m] = [So,S1,...,Sm] be a simple random walk path of length
m. We construct A(S), the loop-erased part of S, recursively as follows. If S is
already self-avoiding, set A(S) = S. Otherwise, let s9 = max{j : S; = Sp}, and
for i > 0, let s; = max{j : S; = Ss,_,41}. If we let n = min{i : s; = m}, then

A(S) = [Ssgs Ssys -+ 95, ]-

Remark. The history of loop-erased random walk began when it was introduced by

Lawler [27] in an attempt to analyze the usual self-avoiding random walk. It was
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later discovered that loop-erased random walk and self-avoiding random walk are in
different universality classes.* Tt is proved in [28] that loop-erased random walk in
dimension d > 4 converges in the scaling limit to Brownian motion (with a logarithmic
correction in d = 4). The recent introduction, however, of the Schramm-Loewner
evolution (SLE,) has led to a flurry of important and deep results. (See [46], [56, 57],
and the forthcoming book [32] for details.) In particular, it has been proved by
Lawler, Schramm, and Werner [38] that the scaling limit of loop-erased random walk
in a simply connected domain D C C from an interior point to a boundary point
converges to radial SLFE,. Specifically, the limit exists and is conformally invariant.
Exciting work is currently being done by Benes [7] to show that loop-erased random
walk converges to chordal SLF; in the upper half plane. We also note that Schramm’s

study of loop-erased random walk is what led him to initially develop this process.

6.3 Fomin’s result

Suppose that A € A" x € 0A, y € JA. Recall from Definition 2.11.2 that hga(z,y)
is the discrete excursion Poisson kernel defined by hga(z,y) = P*(S,, =y, 51 € A).

The following definition is the discrete analogue of Definition 6.1.1.

Definition 6.3.1. Suppose that A € A", 2' € 9A, i = 1,...,k, and 3/ € 9A,

j=1,..., k. Let hopa = [hoa(z',y")]1<ij<k denote the k x k discrete hitting matriz

hoa(z',y') -+ hoa(z',y¥)

hpy ==

hoa(xF,yt) - hoa(a®, y")

IThis notion has existed for many years in the physics literature with several different meanings.
Here we use it to indicate that LERW and SAW have different continuum limits; see [30, 31] and [39].
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For the remainder of this section, suppose that I', T C 0A are discrete boundary
arcs with TNY = (). Suppose further that || > k, || > k, and let ', 22, ..., 2F € T.
Let S, 5%, ...,5*% be independent simple random walks starting at z', 22, ..., 2",
respectively, and set 74 := min{j > 0: S ¢ A}. Finally, let y', 4% ...,y* € T be
such that any random walk trajectory from z' to y/ (with S*(0,74) C A, S§ = 2,
Si}; = 1) intersects any random walk trajectory from x*, ¢ > i, to 3, j/ < j. (Such
an ordering of points is always possible for any disjoint pair of discrete boundary
arcs.) Let L' = A(S") be the loop erasure of the path [S} = z*, 5%, ..., S%], and let

E=E(x, ... 2%y, ..., y* A) be the event that both

° Sii =y, i=1,...,k and

A

o SO, THIN{L*U--- UL} =0, i=2,... k.

The following is proved in [18, Theorem 7.5]. Notice it relates the determinant of

the discrete hitting matrix to the event £, a functional of loop-erased random walk.
Theorem 6.3.2 (Fomin). If £ and hypa are defined as above, then P(E) = dethga.

By scaling the lattice, it is possible to take A = Dy, the 1/N-scale discrete
approximation to D € D*, where the random walk quantities are understood to be
on the lattice %ZQ as in Section 5.4. This is precisely what we do in the following

section in order to prove Fomin’s conjecture.

6.4 A conformally invariant scaling limit

In this section, we prove Theorem 6.4.2 below which gives a satisfactory resolution

to Fomin’s conjecture. To begin, suppose that D € D* with inrad(D) = 1, and T,
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T C D with TNT = . Recall that sep(T", T) is defined in Definition 2.2.2. Choose
N large enough so that sep(I', T) > ey := N~/4810g?? N, and let Dy be the 1/N-
scale discrete approximation to D with corresponding discrete boundary arcs I'y,

Ty C 0Dy. It follows from Corollary 5.4.3 that for z € I'y, y € T, we have

(71-/2) hDN (O .I) hDN (07 y)

T cos(Opy (1) — Oy () T OEN)

haDN ($ y)

Write
(7/2) hpy (0,2) hpy (0, y)
1 —cos(Op, () — O0p,(y))

so that hopy (7,y) = pn(z,y)[1 + O(e%)]. Let zt,... 2% € Ty, y*,...,y* € Ty be

@N(xay) @N(x yaD I T)

labelled as to satisfy the trajectory constraint defined in Section 6.3.

Lemma 6.4.1. If oy is defined as above and k < N s fixed, then

Z Y dethopy = Y Y detlpn(a’,y)isijze + O(ER)

ik) V(Y nsk) V(L nik) V(T Nik)

where hyp, is the k x k discrete hitting matriz, and V (Un; k) :== {(2,...,2%) 1 2% €

FN? x1<'“<xk}: V(TNv ) _{( ) y eTNay <- <yk}'

Proof. We prove this result for k& = 2; the notationally challenging general case is
identical. To begin, note that fp, (z) = 0p(z) + O(N~Y2) for z € Dy as in (2.19).
Thus, as in the proof of Theorem 5.6.3, for fixed D, I', T, there exist constants C,

Cs, depending on D, I', T, such that

Cl hDN (0, l’) hDN (07 y) S @N(xa y) S C(2 hDN (0,33') hDN (07y) (62>
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If 21, 22 € Ty with 2! < 22, and y!, y? € Ty with y* < 2, then it follows that

det[hopy (2", y")]1<ij<2

= deton (2", ¥/ )i<ij<2 + O(EX) [on (', y") on(@?, v%) + on(z', y?) en(2®, ") 1.

so that by summing over V(I'y) := V(I'y;2), V(Tx) := V(T y;2) we conclude

Z Z det[hopy (7', y7)]1<ij<a — Z Z det[pn (2", y7)|1<ij<2

I'n)V(Tw) V(I'N) V(TN)

<OEXN) Y Y Len(a' yh) en(@®v%) + on(a',v?) on(a®y") ]

V(IN) V(TN)

<2C0(e%) Y Y hpy(0,2") hpy(0,2°) hpy (0,4") hpy (0, 47).

V(IN) V(TN)

where the last line comes from (6.2). However,

Z Z hDN (O,:El) h‘DN (07 x2) hDN (Ovyl) hDN (O, y2)

V(I'n) V(TN)

< Z Z Z Z hDN(()?xl)hDN<07x2)hDN(Ovyl)th\r(anz)

zlely z2ely yleTn y2eTn

= [hpy(0,Tn) hpy (0, Th) P = O(1).

Hence, there exists a constant C'3 depending on D, I', T, such that

> D detlhopy (o' ¢ h<ijeo— Y D detlpn(’,y) ) icij< | < Caely

V(Cn) V(TN) V(') V(TN)

completing the proof. O
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Notice that we can write

S ST ST DT oy (0,2Y) hiy(0,2%) Ay (0,y) by (0,47)

rzlely z2ely yleTy y2eTy

=2 Z Z hDN (val) hDN (O,$2) hDN (07 yl) hDN (07y2>
V(IN) V(TN)

+ Z Z hDN (07 xl) hDN (07 $2) hDN (07 yl) hDN (07 y2>
W(I'n) W(TN)

where V(I'y) := V(I'n;2), V(Tw) := V(Ty;2) as above, and W(T'y) = W(['y;2) :=
{(z',2?) 1 2" € Ty, 2t = 2?}, W(Ty) = W(Tw;2) = {(v},v?) : ' € Ty, y' = 4*}.

However,

>3 hpy(0,2") hpy(0,2%) hpy (0,4") hpy (0,47

W(Tn) W(TN)
= > [hpy (0,2 D [hpy (0,9 ]
zlely ylely

and from the discrete Beurling projection theorem we have hp, (0,2') < CN~/2,

and similarly hp, (0,y') < CN~Y2 so that

> [y (0,29 Y [hpy(0,4") ] < CN"'hp, (0.Tn)hp, (0, Ty) = O(N 7).

zlely ylely

In the continuous case, from the Beurling estimate we have the analogous result:
[ 10(0.2) 2 ds] [ [Hp(0.0) dy] < ON Hp(0.T)Hp(0.T) = O(N),
r Y

In other words, this shows that the square terms do not contribute very much to the

sum (integral). Hence, it follows from Proposition 3.1.6 (with §y := N~7/®log N)
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and from Proposition 6.1.3 that for D € D,

@2 > > detlon(a’,y)i<ij<

V(I'N) V(TN)

- / / det[Hop (', ) 1cosealdy| [dy?| |42 [d2?| + O(6x) + O(NY/2)
V(T) JV(Y)

= Hop(T', 132) + O(N"*log N) + O(N~'/?)

where V(I') := V(I';2), V(T) := V(T;2) as in Proposition 6.1.4. The extra factors
of 4 arise exactly as in Theorem 5.6.3.

Recall from Proposition 6.1.4 and Definition 6.1.5 that Hsp (', T;2) is, in fact,
conformally invariant. Since the above result holds for D € D, we can use Proposi-
tion 6.1.4 to define Hyp(I', T;2) for general D € D*. Thus, we have established the

following theorem.

Theorem 6.4.2. Suppose that D € D* and I', T C 9D are open boundary arcs with
I'NnY = (. Let Dy be the 1/N-scale discrete approzimation to D with associated
boundary arcs I'y, Ty C 0Dy as in Section 5.2. If, for each N, the labelling of
o', . 2F €Ty, yls ..., yF € T is such that the trajectory constraint of Section 6.3

is satisfied, and if hop, = [hopy (@', y))]1<ij<k is the k x k discrete hitting matriz,

then

lim Y ) dethap, = (1/4)* Hop(T, Y5 k),

N—oo
V(Y nsk) V(T nik)

where Hop(I', Y3 k) is defined in Definition 6.1.5, and V(U n; k), V(Y n; k) are as in

Lemma 6.4.1. In particular, the limit exists and is conformally invariant.
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